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Abstract. In this paper, we consider very rough solutions to Cauchy problem 
for the Einstein vacuum equations in CMC spacial harmonic gauge, and obtain 
the local well-posedness result in H s , s > 2. The novelty of our approach lies in 
that, without resorting to the standard paradiffcrcntial regularization over the 
rough, Einstein metric g, we manage to implement the commuting vector field 
approach to prove Strichartz estimate for geometric wave equation O s <j> = 
directly. 



1. Introduction 

In mathematical relativity, a fundamental question is to find a four dimensional 
Lorentz metric g that satisfies the vacuum Einstein equation 

(1.1) Ric(g) = 0. 

Since the equation is diffeomorphic invariant, certain gauge should be fixed before 
solving it. There exist extensive works on Ijl.ljl under the wave condition gauge or 
the constant mean curvature gauge. 

In [3] Andersson and Moncrief consider the vacuum Einstein equation (II. ip under 
the so-called constant mean curvature and spatial harmonic coordinate (CMCSH) 
gauge condition. To set up the framework, let E be a 3-dimensional compact, 
connected and orientable smooth manifold, and let M := K x E. Let t : M. — > K 
be the projection on the first component and let E t := {t} x E be the level sets of 
t. One may construct solutions of (|1.1[) by considering Lorentz metrics g of form 

g = -n 2 dt <Z>dt + g i:j (dx l + Y l dt) ® (dx j + Y j dt) 

with suitable determination of the scalar function n, the vector field Y := Y J dj 
and the Riemannian metric g := gijdx 1 ® dx J on E. In order for <9 t to be time-like, 
it is necessary to have n 2 — g^Y l Y^ > 0. Let T be the time-like normal to E t , then 

d t = nT + Y. 

We call n the lapse function and Y the shift vector field. 

Let g be a fixed smooth Riemannian metric on E with Levi-Civita connection V 
and Christoffcl symbol L^ . Let denote the Christoffel symbol with respect to 
g, we may introduce the vector field U = U l di with 

u l : = 0«(rj 3 . - fi 3 .). 

Let k be the second fundamental form of E t in A1, i.e. fcy = — ^CxSij- The 
solution of (jl.lj) constructed in [3 is to find the pair (g, k) such that they satisfy 
the CMCSH condition 

(1.2) Trfc := g ij kij = t and W = 

l 
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and the vacuum Einstein evolution equations 

(1.3) d t gij = ~2nkij + C Y gij 

(1.4) dthj = -ViVj-n + n(Rij + Trfc% - 2k im kJ l ) + Cyhj 
with the constraint equations 

(1.5) R - \k\ 2 + (Tr/s) 2 = and V.Trfc - V j k l} = 0. 

It has been shown in [3] that for initial data (g°, k°) G H s x H s ~ l with s > 5/2 
satisfying the constraint equation (jl.5l) with to := Tr/c° < 0, the Cauchy problem 
for the system (|1.2|) - (|1.5|) is locally well-posed. In particular, there is a time > 
depending on ||g°||,ffs and such that the Cauchy problem has a unique 

solution defined on [to — to + T*] x £. We should mention that, for the solution 
constructed in this way, the lapse function n and the shift vector field Y satisfy the 
elliptic equations 

(1.6) -An+\k\ 2 n = l 
and 

(1.7) A) ' + R)Y j = (-2nk jl + 2V j Y l ) U) x + 2V 3 nk) - V//K 
where ?7j; is the tensor defined by 

(1.8) E/^r^-fj,. 

It is natural to ask under what minimal regularity on the initial data the CM- 
CSH Cauchy problem (|1.2|) - (|1.5[) is locally well-posed. In this paper we prove the 
following result which shows the well-posedness of the problem when the initial 
data is in H s x H s ~ x with s > 2. 

Theorem 1.1 (Main Theorem). For any s > 2, to < and Mq > 0, there exist 
positive constants T* , Mi and Mi such that the following properties hold true: 

(i) For any initial data set (g°,k°) satisfying H1.5\) with to '■= Trk° < and 
l|3°l|ff s (E t ) + l|fc°lli/ s - 1 (E t ) < Mo, there exists a unique solution (g,k) 6 
C{h,H s x H 3 - 1 ) x C l {I°,H s - 1 x H 3 - 2 ) to the problem TL^ -TT^I: 

(ii) There holds 

|| Vg, k\\ LlLT + || Vg, k\\ LnH -i < Mi; 

(iii) For 2 < r < s, and for each r6 J, the linear equation 

( u s ij) = o, (t, x) e h x s 

\ V(t, •) = Vo e #"(£), c^(r, •) = ^ e /F-i( S ) 

admits a unique solution tp £ C{I Sf ,H r ) x C l (I Sf ,H r ^ 1 ) satisfying the esti- 
mates 

and 

||£)V||l ?l - < MalK^o^Oll^xff^; 
w/iere 7* := [to — , t + T»] . 

We actually obtain a stronger result than Theorem 11.11 which is contained in 
Theorem 14.11 
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1.1. Review and Motivation. Since the pioneer work of Choquet-Bruhat [6], 
there has been extensive work on the well-posedness of quasilinear wave equation 

f a gW( f > :=d^- 9 v(md 3 4> = N( ( l ) ,d<P), 
\ <f>\t=o = 0o, d t (f>\t=o = 4>i 

in R n+1 , where the symmetric matrix g lJ (4>) is positive definite and smooth as a 
function of <ft, and the function N{<p, dip) is smooth in its arguments and is quadratic 
in dip. In view of the energy estimate 

(1.10) \\d<t>(t)\\n°-i Z \\dm\\ H »-i ■ exp (J ||a^(r)|| L -dr) , 

the Sobolev embedding and a standard iteration argument, the classical result of 
Hughes-Kato-Marsden [5] of well-posedness in the Sobolev space H s follows for any 
s > f + 1, where the estimate on ||<90||l~l°o is heavily relied. To improve the 
classical result, it is crucial to get a good estimate on [|S0||£i£«>. This is naturally 
reduced to deriving the Strichartz estimate for the wave operator which has 

rough coefficients since g 13 {<p) depend on the solution tf> and thus at most have as 
much regularity as <p. The first important breakthrough was achieved by Bahouri- 
Chemin [3] and by Tataru |21j using parametrix constructions. They obtained the 
well-posedness of (|1.9[) in H s with s>^ + ^ + jby establishing a Strichartz 
estimate of the following form, if dg £ L^L^, 

\m L ^ <4\\m\ h ^ + , + \\m h ^ + .) 

with a loss of a > 4, for solutions to linearized equations. This well-posedness 
result was later improved tos>^ + i + iin |23) . 

The next important progress was made by Klainerman in [5] where a vector 
field approach was developed to establish the Strichartz estimate. This approach 
was further developed by Klainerman- Rodnianski in |11] where they successfully 
improved the local well-posedness of (|1.9[) in R 3+1 to the Sobolev space H s with 
s > 2 + . Due to the limited regularity of the coefficients, the paradifferential 
localization procedure in [5J [53] was adopted in [TT] to consider the Strichartz 
estimate for solutions of linearized wave equation U g<xa ip = for some < a < 1, 
where g<\a := S\*(g(S\*(<fr))) is the truncation of g((f)) at the frequency level A a . 
Here 5a := X^<a -^p anc ^ ^ * s tne Littlewood-Paley projector with frequency 
A = 2 k defined for any function / by 

(l.n) p x f(x) = h(x) = J e-^ax-^mw 

with C being a smooth function supported in the shell {£ : | < |^| < 2} satisfying 
Efcez C(2 fc C) = 1 for £ ^ 0. We refer to [20l[T6] for detailed properties of Littlewood- 
Paley decompositions. With the help of a TT* argument, such Strichartz esti- 
mate was reduced to the dispersive estimate for solutions of D g<xa ip = with 
frequency localized initial data. It was then further reduced to deriving the bound- 
edness of Morewatz type energy for dip and its higher derivatives. To derive 
these energy estimates requires us to control deformation tensor of Morawetz vec- 
tor field, which involves the Ricci coefficients relative to the Lorentzian metric 
—dt + {g<x a )ijdx l ® dx 3 . Since Ric appears crucially in the structure equations 
for Ricci coefficients, deep observations and techniques were developed to control 
Ric relative to the smoothed metric, such as taking advantage of the facts that 
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the coefficients g themselves verify equations of the form (|1.9j) . and the observation 
that R44, the tangential component of Ric along null hypersurfaces, has better 
structure. For Einstein vacuum equation under the wave coordinates gauge, the 
local well-posedness were obtained in H s for any s > 2 in [12] US] [14] . The core 
progress which enables the improvement from s > 2 + to s > 2 was made 

in |14j by showing that the Ricci tensor relative to the frequency-truncated metric 
h := g<A does not deviate from to a harmful level; the decay rate of Ric(h) 
and its derivatives were proven to be sufficiently strong in terms of A. However, 
similar estimates for Ric(h) can hardly be obtained for (|1.9[) . The sharp local well- 
posedness for type (|1 ,9|) in H s with s > 2 was achieved by Smith and Tataru in [19] 
based on the wave packet parametrix construction, with an innovative application 
to represent the nontruncated metric g. The particular structure of R44 observed 
in [IT] also played important role to control the geometry of null surface. The 
local well-posedness with s = 2 for Einstein vacuum equation was conjectured by 
Klainerman in [ID] . Recently we learn that significant progress has been achieved 
for this so-called L 2 curvature conjecture [17] . 

A reduction to consider D s<xa tp = 0, with < a < 1 appeared in all the above 
mentioned work. This regularization on metric is used to phase-localize the solution, 
and in most of the works, to balance the differentiability on coefficients required 
either by parametrix construction or by energy method. Such a regularization on 
metric, nevertheless, poses major technical baggage, in particular, to carry out 
the vector field approach in Einstein vacuum spacetime, since Ric(g<,\) no longer 
vanishes. The analysis in [H] on the defected Ricci tensor and its derivatives is a 
very delicate procedure, which relies crucially on full force of <9h, hence, on their 
non-smoothed counter part 9g as well. One particular issue tied to CMCSH gauge 
itself arises due to the lack of control on Dt^, the time derivative of the shift 
vector field. Although DtF satisfies an elliptic equation, that equation is not good 
enough to provide a valid control on T>tY even in terms of L 2 -norm. The loss 
of control over some components of <9g becomes a serious hurdle in recovering the 
decay for Ric(h) and its derivatives. The potential issue on Ricci defect forces us 
to abandon the frequency truncation on metric. 

The important aspect of our analysis is to implement the vector field approach 
directly in the non-smoothed Einstein spacetime (A4, g) to establish the Strichartz 
estimate with an arbitrarily small loss for the linearized problem dgV> = 0. This 
confirms that, due to the better behavior of Ric, Einstein metric is in nature 
"smooth" enough to implement the vector field approach without the truncation 
on g in Fourier space, and leads to the H s well-posedness result with s > 2 for 
Einstein equation. 

Note that in [TT], [12]- [13, deriving the bounded Morawetz type energy of deriva- 
tives of tp, with n g<A a ip = 0, is the main building block to obtain the dispersive esti- 
mate for Pdtip required by Strichartz estimate. This procedure relies on H a , a > | 
norm of curvature, which is impossible to be obtained relative to the rough and 
non-smoothed metric. Our strategy is to derive the dispersive estimate merely us- 
ing Morawetz type energy for -0 itself. The analysis to control such energy is mainly 
focused on the Ricci coefficients relative to Einstein metric. Although part of such 
analysis benefits from Ric = 0, the crucial estimates such as strichartz type norm 
llxllif i°° require the bound of H a ,a > 1/2 for Vfc and V 2 g if only the classic 
Calderson-Zygmund inequality is employed. We solve this problem by modifing 
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Calderson Zygmund inequality followed by taking advantage of the extra differ- 
cntialbity for Vg, k that can be obtained by Strichartz estimates. The difficulty 
coming from Dt^ still penetrates in key steps in the vector fields approach, where 
all components of <9g were typically involved. We exclude such term by modifying 
the standard treatments including modifying energy momentum tensor, refining 
TT* argument and curvature decomposition into more invariant fashion. 

Our approach can be directly applied for reproducing H 2+t result for Einstien 
equations in wave coordinates gauge. It actually works better under wave coordi- 
nates since Dx^ can be well controlled in this situation. Steps which are involved 
with getting around this term in CMCSH gauge, such as energy estimate, estimate 
for flux, TT* argument and decompositions for curvature, take simpler and more 
straightforward form in wave coordinate gauge. Thus our approach gives a vast 
simplification over the the methodology in |12)-|14]. 



1.2. Outline of the proof. According to [13J[T9], in order to complete the proof of 
Theorem 1 1.1 1 it suffices to show that for any s > 2 there exist two positive constants 
C and T depending on ||<7||/p(£ ) an d ||Jfe|| i(s ) sucn that 

(1.12) ||fflUfff.(JxE) + ||fc|U t -*-i(/xE) < C, 

where I := [to — T, to + T]. We achieve this by a bootstrap argument. That is, we 
first make the bootstrap assumption 

(BAl) [° + ||V<7, k, VY, Vn|U» (St) dt < B u 

J to-T 

where, for any S-tangent tensor F, we will use H-FHz, 00 ^) to denote its L°°-norm 
with respect to the Riemannian metric g on E t . We then show that (|BA1[) and 
some auxiliary bootstrap assumptions imply (|1.12|) . We prove these bootstrap 
assumptions can be improved for small but universal T > 0. 

We will only work on the time interval [to, to + T] since the same procedure 
applies to the time interval [to — T, to] by simply reversing the time. In view of 
(|BA1[) and elliptic estimates, we derive in Section [2] better estimates for VY and 
Vn. That is, we show that, for any 1 < b < 2, there holds 

l|VY,Vn|U L <C 

[to,*o+ T ] x 

which improves the estimates for Vn and Vy in (|BA1|) with T sufficiently small. 
In order to improve the estimates for Vg and k, we establish the core estimates in 
Theorem ll.lf ii') by showing that 

HVfl, k\\ Lf L < CT S , 

for some 5 > 0. Here we briefly describe the ideas behind the proof. 

1.2.1. Step 1. Energy estimates and flux. In Sections [2] and [3l we derive (|1 . 12[) 
under bootstrap assumptions. We also derive for the scalar solution of homogeneous 
geometric wave equation D s cf> = 0, the energy estimate 

Wllx-i < |W0)||ip + 11^(0)11^.-1. 

The typical argument relies on the estimate of ||9g||i,iioo, including the one for 
T>tY in this norm. In view of (|1.7[) , Dt^ satisfies the elliptic equation 

AV nT Y l + R)V nT Y j - 2U m ;V m V nT Y p = -n( curl H))Y^ + g • • fr, 
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where tt denotes components of dg excluding dtY. Due to the appearance of the 
term BSVnTY 3 , this elliptic equation is not good enough to provide valid control 
for Dt^ unless the space metric g has negative sectional curvature. In order to 
avoid the difficulty coming from Dt^, in Section [3] we derive the energy estimate 
by considering the first order hyperbolic system 

q 13 j | d t u - Vyii = nv + F u 

\ d t v — Vyt) = nAu + F v 

for the pairs (u,v) = (g, — 2k), (k, E) and (</>, eo</>) with corresponding remainder 
terms (F U ,F V ), where, for any £ tangent tensor F, 

(1.14) AF := g^ViVjF. 

Consistent with these energy estimates, we also obtain the L^°H s ~i and L\H S 
estimates of Vn, VY, Dx« with the help of elliptic equations (|1.6|) and (|1.7p . 

However, to derive the flux estimate for Vg, k, P^k, and P^Vg, we still have 
to rely on the second order hyperbolic system of k and Vg, both of which contain 
the time derivative of the shift vector field. This issue is solved in Section 13.21 by 
introducing a modified energy momentum tensor. 

As the major technicality to carry out energy estimates in fractional Sobolev 
space and dyadic flux, a series of more delicate commutator estimates are estab- 
lished in Appendix III (Section [T0|) on the Littlewood Paley projection and the 
rough metric, particularly to handle the decreased differentiability of coefficients. 

1.2.2. Step 2. Reduction to dyadic Strichartz estimates on frequency dependent 
time intervals. By using the Littlewood-Paley decomposition, it is easy to reduce 
the proof of Theorem 11.11 to establishing for sufficiently large A the estimates 

(1.15) \\P x Wg,P x k\\ L ^ < A- 5 |/|^l|V 5 ,fc||^-i( So ) 
and 

(1-16) ||P A ^|U ?iS o < A" 5 |I|M || Vcj>, e<^|U.-i(Eo) 

for any solution <f> of the equation D g = 0, where / = [to, to + T], q > 2 is 
sufficiently close to 2, and 6 > is sufficiently close to 0. 

We reduce the proof of (|1.15[) and (| 1 . 1 6[) to Strichartz estimates on small time 
intervals. We pick a sufficiently small e > and partition [to, to + T] into disjoint 
union of subintervals Ik ■= [i&-i,ifc] of total number < A 8e ° with the properties 
that 

(1.17) \h\<\- 8eo T and ||fc, V.g, VY, Vn|U Loo < A~ 4£ ° . 

To explain our approach, we take the derivation of (I1.16[) as an example. Wc 
consider on each Ik the Strichartz norm for P\d<j). By commuting P\ with D g we 
have 

a s p x <f> = F x , 

where F x = [n g , P x ](f> which can be treated as phase-localized at level of A in certain 
sense although it is not frequency-localized. We use W(t, s) to denote the operator 
that sends (/o,/i) to the solution of O g tp = satisfying the initial conditions 
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«/>(s) = fo and dtip(s) = fi at the time s. Using Duhamel principle followed by 
differentiation, we can represent P\dcf> as 

(1.18) P\d<t>{t) = dW(t,t k _ 1 )P x 0[t k _ 1 } + dW(t,s){0,F x {s))ds, 

where we used the convention <j)[t] :— (<j)(t), d t (f>(t)). Running a TT* argument leads 
to Strichartz estimate for one dyadic piece of di\), 

(i-i9) ii^wiu? l~ <#~hm\&, 

where q > 2 is sufficiently close to 2. 

Similar procedure was used in [12] for □ g<> = 0. Observe that the solution of 
this homogeneous wave equation is frequency-localized at the level of A if the data 
is localized in Fourier space at the dyadic shell {£ : -| < |£| < 2A}. Therefore, the 
dyadic Strichartz estimates (|1.19[> can be applied directly to the representation of 
P\d<j). Since we will work for the metric g without frequency truncation, the corre- 
sponding operator W(t, s) does not preserve the frequency-localized feature of data. 
The Strichartz estimate for dW(t, tk-i)P\4>[tk-i] is no longer expected to be ob- 
tained directly from (|1.19[) . We solve this problem in Section 4 by modifying (|1.18p 
with the help of the reproducing property of the Littlewood-Paley projections, i.e. 
Pa = P\P\, as follows, 

(1.20) Pxd<j>(t) = P x dW(t,t k ^ 1 )P x 0[t k _ 1 } + j P x dW{t,s)(0,F x (s))ds. 

This makes it possible to apply (|1.19j) . The effort then goes into piecing together 
the result of dyadic Strichartz estimates over intervals I k with the help of (| 1 . 1T|) . 
This trick would have successfully reduced the main estimates to dyadic strichartz 
estimate for the solution of n g = on one sub-interval I k , had the term of Dt^ 
not appeared in Fx- We then refine (|1 .20|) further by modifying the application of 
Duhamel principle. 

1.2.3. Step 3. Reduction to dispersive estimates and boundedness theorem. By 
rescaling coordinates as (t, x) — > ((< — ifc_i)/A, x/X), we need only to consider 
(fi~T9|) on [0, U] x £ with U < A 1_8e °T. In view of a TT* argument, this essentially 
relies on the dispersive estimate 

rn 

(1.21) \\FD T W{t, s)I[s]\\ L - < ((1 + \t - S |)-f + d(t)) \\V k I[s]\\ Ll 

k=Q 

with initial data I[s] — C0(s), Dt?A( s )) for all < s < t*, where m is a positive 
integer, and d(t) is a function satisfying ||(i|L§ ^ 1 for g > 2 sufficiently close to 2. 

Let {xj} be a suitable partition of unity on £ supported on balls of radius 1 in 
rescaled coordinates. We localize the solution of □gV' = by writing ip(t,x) — 
^2jtpj(t,x), where ipj(t,x) is the solution of dgf/'J = with the initial data 
V- , ./[ r o] = XJ ' V'[ r o]- We then reduce the derivation of (|1.2ip to proving that 

(1.22) [[PD T 0(i)|| igo < f -+d(t)) V ||V fc 0[r o ]|| i2 , 

with <j) the solution of n g = and with data supported within a unit ball at 
£ ro . It then suffices to consider (11.221) on j7o + , the causal future of the support of 
Xj from t = tq rj 1, where one can introduce optical function u whose level sets 
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are null cones C u . Thus J + can be foliated by St.u '■= C u n St and a null frame 
{L, L, ei, 62} can be naturally denned, where eA,A — 1,2, are tangent to St. u - 
Using these vector fields and u = It — u, one can introduce the Morawetz vector 
field K = ^n(u 2 L + y?L). Consequently, for any function /, one can introduce the 
generalized energy 

Q[f](t) := J Q(K,T)[f], 
where Q(K, T)[f] is defined by applying X = K, Y = T, fl = At to 

(1.23) Q{X,Y)[f] = Q(X,Y)[f] + l -nfY(f) - \f 2 Y{tl) 
with Q av being the standard energy momentum tensor 

Q\n> := Q[fU = 9„fd u f - ^(s aP d a fdpf). 
The typical energy method gives 

(1.24) Q[f](t) - QlfKro) = -~ [ {K) * aP Q[fU+ I aj-Kf + l.o.t, 

where, for any vector field X, the deformation tensor ( x ^7C a p := £xg a) 3 and 
( K 'Kap '■— ^nup — Atg a fj. By applying (|1.24[) to / = Dt0, we consider to bound 
generalized energy Q[Dt</>] in terms of their initial values at t = To ~ 1. Due 
to one bad term contained in □ g D'r</> = [C^Dt]^, the estimate of Q[Dt0] has 
to be coupled with Q[D^^] with Z either L or eA, for which we need to con- 
trol HD^Vl^^oo and f Q * sup M ||D( z ^7r|| L 2(5 t ^dt. Since D'^7r contains curvature 
terms, such estimates relative to non-smoothed metric can only be obtained under 
the assumption of H2+ e on data. Similar regularity issue occurs for the estimates 
required for D^tt due to the integration by part argument employed to handle 
that bad term. Therefore, we no longer expect to obtain the boundedness of the 
conformal energy for any derivative of <fi, including the one for Dt^. 

Our strategy is to control ||PDx0(i) ||l~ merely in terms of Q[<j>](t), with certain 
loss of decay rate and with error incorporated into d(t) in (|1.22p . With w a cut-off 
function whose support is in a so-called exterior region, our treatment concerning 
the harder part, P(wT>t4>)i starts with writing it as P(wT>t4>) — P{wL(j>) — 
P{zuN<j>) with N the unit outward normal vector fields on S t , u C £. The first term 
is controlled by Bernstein inequality and Q[4>](t). The second term is treated in 
view of 

(1.25) P{wN(j>) = wN l diP(f> + [P, vjN l ]di<t>. 

The first term of (|1.25p is then related to Q[<j>] with the help of Sobolev embed- 
ding and commutator estimates. By using the machinery developed in Section ITOl 
the treatment on the commutators involved in both terms in (|1.25p is reduced to 
estimating ||9(roiV)||i<=o. Note that dN can be expressed as g • (x,(>^9,k), thus 

q 

we need to establish estimates on L t 2 L^°, q > 2 of Ricci coefficients x, £ and L°° 
estimate on tr%. The components of ( K 'Tt a p in (| 1 . 24[) involve ^tt, x, £ and other 
Ricci coefficients as well. By assuming suitable control on Ricci coefficients, the 
proof of boundedness theorem is given in Section [5l We accomplish this step by 
showing that (|1.22j) holds true with m = 3. 



9 



1.2.4. Step 4- L 2+ type flux and Ricci coefficients. The control of Ricci coefficients 
consistent with H 2 Einstein metrics has been studied in 12, 24, 26 , where a set of 
estimates concerning tr%, \, £, £ was achieved in terms of curvature flux, combined 
with flux of k if null hypersurface is foliated by St, level sets of t. Bearing the flavor 
of these works, in the situation when H 2+e estimates for g can be established, we 
first manage to gain from the extra differentiability of metric a slightly stronger 
flux type control for Vg, k. We then obtain a stronger set of estimates on Ricci 
coefficients in terms of the L 2+ type flux, which contains the L^L^L^-norms for 
X, ( and corresponding estimates for /j,, tr\ ~ n (t-u) • This enables us to carry out 
delicate analysis such as the standard L p , 1 < p < oo type Calderon Zygmund 
inequality on null hypersurfaces under rough metric. In this procedure, thanks to 
working directly in vacuum spacetime, we no longer encounter the technical baggage 
in [12]-[14] posed by defected Ric(h). Nevertheless, this set of estimates is far from 
sufficient to control || • W^l^-l^ norm of deformation tensor ( k 'tc, which relies on 
estimates for \, £ in this norm. The idea of Klainerman-Rodnianski [13] is to rely 
on the Hodge system such as the equation of (|6.44l) 

div X = 2^ tr * ~ ^ H ■ 

The key points of deriving a strichartz type norm for \ lie in: 

(1) To obtain a decomposition of the form j3 = yff + • • • so that 

divx = t(trx - ,, 2 J + fn + ■ ■ ■ 

n{t — u) 

with tt being certain components of <9g. The new difficulty arising in our situation 
is to exclude the time derivative of shift in the decomposition for the null curvature 
component of j3. This issue is settled in Section HI 

(2) To employ Calderon-Zygmund theorem for Hodge system div F = y G + e 

(1.26) HflU-cs) < ||G|U ?{S ) ln(2 + r*~5 \\tG\\ LP{ s)) + r 1 ^ \\e\\ LHS) , 

where S — S ttU - Relative to a regularized metric g<A, using (|1.26[) to estimate 
\\F(t, only leads to a loss of In A, which can be easily balanced after integra- 

tion in a frequency dependent time subinterval. However, relative to non-smoothed 
metric, the application of (|1.26[) relies on the norm of sup u || V'7r||L 2 +(s t „)i which 
requires the boundedness of the Hi + norm of Wg and k that can only be achieved 
under the assumption of H s , s > | on data. We fix this problem by squeezing a bit 
more differentiability out of Vg, k in L 2 L^, which can be achieved by Strichartz 
estimate via a bootstrap argument. To implement this idea, we establish a modified 
Calderon-Zygmund inequality relative to the rough metric, which can be seen in 
Section H 
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Professors Sergiu Klainerman and Lars Andersson for interesting discussions, and 
Qinian Jin for carefully reading the manuscript and giving many very useful com- 
ments. 
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2. H 2 estimates 

We first derive some simple consequences of (|BAl|) that will be used throughout 
this paper. 

Let X be an arbitrary vector field on E. We use \X\ g and \X\ g to denote the 
lengths of X measured by g and g respectively. It then follows from (|1.3|) that 

d t (\X\D = Y m V m g^X l Xi - 2nh J X l Xi + (g im V ■ j Y m + g mj V \Y m )X i XK 

Therefore 

\d t \X\ 2 g \ < (2|Vr| + |y| 9 |V. 9 |+2n|fc|) \x\ 2 g . 

In view of (|1.6j) and the maximum principle, we can derive that < n < C, where 
C is a constant depending only on to; see [25, Section 2]. Recall that \Y\ g < n. We 
thus have 

\d t \X\l\<c{\VY\ + \Vg\ + \k\) \X\ 2 g . 

This together with the bootstrap assumption (|BA1|) implies C -1 \X\ g i to \ < \X\ g r t \ < 
C|JC| ff / to ). Since g(to) and g are always equivalent on compact E, we therefore have 

(2.1) C~ x g <g< Cg, on [t , t + T] x E 

for some universal constant C >oQ This equivalence between g and g on each E t 
gives us the freedom to use g or g to measure the length of any E-tangent tensor. 

Using (|2.1[) and (|BA1[) . we can follow the arguments in [351 Sections 2 and 3] to 
derive that 

(2.2) C- 1 < n < C, Q(t) < C, \\H, E, Ric|| L 2 < C, ||vr, T> nT n\\ H i < C 

(2.3) ||V 3 n|| L , + ||V 2 D nT n|| L , < ||A:|U», 

where 7r is the deformation tensor of T with components k and Vlogn, E and H 
are the electric and magnetic parts of spacetime curvature defined by Eij = Roioj 
and Hij = *R,ojOj respectively, and Q{t) is the Bel-Robinson energy defined by 

Q(t)= [ (\E\l+\Hft)dn g . 

As a consequence of (12. 3| . we have 

(2.4) ||Vn,D„ T n|U~ < 1 + ||A||t/, 3 < p < 6. 

Let us fix the convention that F*G denotes contraction by g and • denotes either 
usual multiplication or contraction by g. 

Lemma 2.1. Under the spatial harmonic gauge, the shift vector field Y satisfies 
the equation 

(2.5) AY = Tr*U + Tr*TT + g-Wg-Wg-Y + g 3 -R-Y 

where A is defined in {1.1$ , U is defined in il.8\) . and R is the Riemannian 
curvature with respect to g. 



We will always use C to denote a universal constant that depends only on the constant in 
the bootstrap assumptions, information on g(to) and fc)||^ s xH»— 1 (St )■ ^ or * wo quantities 
$ and St we will use $ < * to mean that <E> < C%! for some universal constant C. 
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Proof. Straightforward calculation shows for any vector field Y and tensor F that 
V -Y 1 — V Y 1 4- TP Y q V-F* — V-F™ 4- TP F p — TJ P F i 

In view of the spatial harmonic gauge condition U % :— g^U^ = 0, we obtain 

.'/'*" v„.v,v = riv 3 r + g m * v m u] q Y q + 2^ t/;,v m y« + g^u^u^Y*. 

Recall the identity 

(2.6) Rjt = R jt + V,C/j ; - V,E/j + Ujfa - UiU^ 

which can be verified directly, we can obtain 

AY 1 + R p Y p = AY 1 + n p YP + 2g m W t jq V m Y" + g m3 U l mp U p q Y q 
+ U -U ■ g Y + R- g -Y, 

where 

n; = 9 m ^ m u) v + (v m u;i v p u™ k ) g k \ 

By using the expression of U, the commutation formula and the gauge condition 
U p = g ij U[ 3 = we have 

n l p = g ■ Vg ■ Vg + ^g kl g ml (v m %g H - V p V m g k i) 

+ \g kl g ml (v m Vp3 fc ; + v p Vig mk - v p Vkg m i^ 

= g ■ V.g • Vg + g ■ g ■ g ■ R. 

Thus 

AY 1 + R p Y p = AY 1 + (g ■ Vg ■ Vg + g 3 ■ R) ■ Y + 2g mi U] q V m Y q 
+ Q mj U l U p Y q 

1 y ^ mp jq 

Combining this with f|1.7p gives 

AY 1 + 2g m W) q V m Y q + g mj U^U^Y* 

= -2nk mj U l mj + 2V m Y j U} nj + 2V m nk] n - V l nk™ 
+ g -Vg -Vg Y + g 3 ■ RY. 

Since V m Y l W ml = g^VjY'U^ = g mi VjY l U^ + g mj U p q U l mp Y q , we obtain 

AY* = g m ^ mp U p q Y q 2nk mp W mp + 2V m nV m - V^nfc™ 
+ g -Vg -Vg Y + g 3 ■ R-Y 
which is the desired equation. □ 

Lemma 2.2. For any Yi-tangent tensor field F , on each E t there holds 
\\V 2 F\\ Ll < \\AF\\ Ll + \\Vg ■ VF\\ L - } + \\VF\\ Li + \\F\\ Ll . 
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Proof. Let du g denote the volume form induced by j on E(. Then, under the spacial 
harmonic gauge, there holds Vi(ff^ dfi g ) = (see [3J Page 3]). Thus, by integration 
by part, we have 

= - £ (v p F ! AV g i^ P9 + 5 y Vi^VpF'Vj V,F ; ) d Ms 

Here and throughout the paper we will g to raise and lower the indices in tensors. 
It is easy to check the following commutator formula 

(2.7) AV q F l - V q AFi = g-Vg- V 2 F + g ■ R-VF + g • VR ■ F. 
Therefore we can derive that 

J \V 2 F\ 2 g dfi g = £ (-gn%F l %&F t + g ■ Vg ■ VF • V 2 F 
+(g ■ R-VF + g • Vi? • F)VF) dfi g 
where the first term is J s AF l AFidfi g by integration by part. □ 
Lemma 2.3. On each S t there hold 

(2.8) ||vr|| L 2 < HVslU; + 1, 

(2.9) ||V 2 y|| L 2 < \\(n,WY,Vg) ■Wg\\ Ll + \\Wg\\ Ll + l, 
\\V 3 Y\\ Ll < ||VF,V 9 |Ui(||V3||!»||Vff||l 3 + HVfllli-) 

(2.10) + (|| V 2 3 || L 2 + 1) • ||Vg, k\\ l ~ + \\Vg\\ Ll + 1. 

Proof. Consider (|2.8|l first. By using (I2.5[) and Vj (g^dfig) = 0, we have 
||Vr||i|W / ' g iS V i Y l V j Y l dn g = J -AY 1 ■ Y^ g 
<lk-HUi + l|V5-(V 5 ,7r)|Ui+l. 



In view of (|2T2|) . we thus obtain ([278|) . 
Next, by using ()2.5[) we have 

l|Ay|| L 2 <||(7r,V5)-V5|U2+|H|i i+ l. 

It then follows from Lemma 12.21 that 

l|v 2 r|U ? < iktt, w, v fl ) • VffiUi + ||vr|| z; + 1. 



We thus obtain (|2T9j) in view of ((27 

Finally we derive f|2.10j) . From (j2~5() and (|2~T)l we first have 

Avr = vAr + [A,v]y 

= V7T ■ V<7 + 7T • vg + 7T • Vg • Vg + 7T • VlT + 7T • 7T ■ V<? 

+ Vg • V 2 g • y + Vg ■ Vg • Vg • Y + Vg • Vg • VY + g ■ Vg • V 2 Y 
(2.11) + g ■ R-VY + g -VR-Y + V(g 3 ■ R-Y). 
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It is easy to see that the last three terms involving R can be bounded by < 1 + 
1 1 V5 1 1 1,2. Note that 

IK • t - Vg\\ L 2 < HVfllli-llTrllij < ||V5||l«, 

||(VF, Vg, tt) • Vg ■ Vg\\ Ll < (\\Vg, VY\\ H i + ||7r|| L |)||V ff || \ ||V ff |||„. 
Thus, using Lemma \2. 21 we can obtain (|2.10[) . □ 

2.1. Energy estimate for Vg. In order to proceed further, besides (|BA1[) we also 
need the following bootstrap assumption 

(BA2) HVfflUf Q)T] ^ + \\k\\Lf T] L? < B . 

which is a stronger version for the corresponding part in (jBAip . The verification 
of (jBAlj) and (|BA2|) will be carried out in Section 4. 

We first introduce some conventions. For any 2-tensors u and v we define 

(u,v) := g tk g jl u l} vu and (Vu, Vv) g := g lj {ViU, Vjv). 

We will use \u\ 2 := (u,u) and |Vu| 2 := (Vu, Vv) g . 

In the following we will derive some estimates on Vg and the derivatives on Y. 
By using the formula 

CyiHj = Vyiiy + Ui TO VjF m + u mj WiY m 

for any 2-tensor m and the formula under the spatial harmonic gauge, 

(2.12) R l3 = --A 5ij + R iJ + g-Vg-Vg 

we can derive from (|1.3|) and (|1.4|) that the 2-tensors u := g and u := — 2k satisfy 
the hyperbolic system (|1.13j) with F u and F v given symbolically by 

(2.13) F u =u-VY and F v = 2V 2 n + n ■ k * k + k * VY. 
From (|1.13j) . the commutation formula (|2.7p . we can derive 

(2.14) d t Vu - VyV« = nVv + F^ u 

(2.15) d t Vv — VyVv = nAVu + F^ v 
where 

F^ u = VY -Vu + Y ■ R-u + Vn-v + VF U , 

F^ v = VY • Vv + Y ■ R ■ v + VnAu + VF V 

+ n(g ■ Vg • V 2 u + g ■ R ■ Vu + g ■ VR • u). 

It is straightforward to derive that 

V 2 F U = V 2 Y • Vg + g • V 3 Y + VY ■ V 2 g, 
VF V = g ■ V 2 Y • k + 2V 3 n + g ■ Vk ■ VY + V(ng ■ k ■ k) 

and 

\VF^ u ,F^J < \V 2 Y • (k,Vg)\ + \V 3 n,V 3 Y\ + |(W, Vn, k, Vg) ■ V(Vg, *)| 
+ |Vn • k ■ (Vg,k)\ + |Vg ■ k ■ VY\ + \Vg ■ k ■ k\ + \V 2 n ■ k\ 

(2.16) + |fc| + \VY\ + \Vg\ + 1. 
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In order to derive the estimates, we use the energy introduced in [3j Section 2] 

(2.17) £^(t)=£ {0) (u,v)(t):=l { (H 2 + |V^ + M 2 )dM s 

•J s 

with u = g and v = —2k. 

Proposition 2.4. Under the bootstrap assumption HBA1\) , there holds 

sup ||V.g|| L2(St) < C. 

[toM+T] 

Proof. Recall that for any vector fields Z tangent to S t and any scalar function / 
there holds J E £z(fd[i g ) = J E div(fZ)dp, g = 0. Therefore 

dt£ (0) (t) = l I (d t -£ Y ){(\uf + \Vu\ 2 g + \vfW g } 

J St 

{u, d t u — Vyu) + (v, d t v — Vyv) + g %3 (ViU, (d t — Vy ) Vj-u) d[i g 



St 

+ li (N 2 + |V^ + M 2 )(9 t -£r)(d/i fl ) 

By using (|1.3I) we have d t g^ — C-yg 1 ^ = 2nfc IJ and (d t — Cy){d^ g ) = —nTrkdfig. 
These two identities together with ([1715]) . (f2~T4]) and (|2~I5|) give 



<9 t £ (0) (i) = y (n(u, v) + (u, F u ) + (v, F v ) + nk^WiuVjuj dfi g 

+ J g- (VF U ■ Vm + Y ■ R - u- Vm + VY • Vu • Vit) dp 



nTrfc(M 2 + |Vu| 2 + M 2 )Hv 



1 

In view of the bounds on n, \Y\ and g, we can derive that 

(2.18) d t £^{t) < (||A,Vy|| L - + l) £ {0 \t) + HVJ^H^IlVulU, + \\v\\ L 4F v \\ L 2. 

By using Lemma 12.31 we have 

\\vf u \\ l * < ||vr|U»||v ff |U2 + ||v 2 r|| L 2 < (||vr,v. 9 ^|| L ^ + i)||v. 9 || i2 + i. 

and 

WKWv < l|v 2 n|| L2 + ||fc||| 4 + ||fc|| i6 ||vr|| L 3 < i + ||v 2 r|| L 2 + ||vr|| L 2 
<(||^vy,v 5 ||^ + i)||v 5 || L 2 + i. 

Therefore 

d t £ (0) (*) < (lk, vy, v 5 |U» (St ) + 1) £ (0) (t) + 1. 

This together with the bootstrap assumption (|BA1|) gives £ (0) (t) < £ (0) (^o) + 1 for 
all t £ [to, + T]. The proof is thus complete. □ 
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We now consider the energy £ '^(t) — £(°'(Vu, Vv). From (|2.18|l it follows easily 
that 

dt£ (1 \t) < (||fc, vy|U- + 1) (t) + (||v^ju s + Hi^vJUs) \/^(*)- 

In view of (|2.16p . we derive 

llV^^vJUi £ ||V 2 y|U,||Vg,fc||^ + \\V 3 Y\\ L * + \\\7 3 n\\ Ll 

+ \\VY,Vn,k,Vg\\ Lr \\V(Vg,k)\\ Li + \\Vg\\ L e \\ VY\\ L ~ \\k\\ L s 

+ llVslli-llfcllli + IklUe + ||V 2 n|| iS ||fc|| i? 

+ \\k\\ Ll + \\VY\\ Ll + \\Vg\\ Ll + l. 

In view of (f2~^j) . (j2~3j) . Proposition and (|2T5|) and ((2~TU| in Lemma |2~3I we then 
have 

HV^vu^vJk £ (l|V«7,A;,Vy;Vn|| L - + |||Vfl||J-,) (||V 2 5 || L , +l) 

+ \\VY\\ H i (||Vfl,fe|U S o + ||V5||i ? + l). 

Using this estimate, the inequality |V 2 g||£2 < y £W (t), and the Young's inequal- 
ity, we can obtain 

d t £ [1 \t) < (l + ||fc, Vn, Vg, VF|| L » + ||fc, V 5 ||i») 

+ ||fc, Vn, V 5 , W + || V 5 || 2 2 + || V 2 F||i2 + 1 
In view of (jBAlj) and (IBA2[) . it follows easily that 

£ {1 \t)<£^\t,) + l+\\V 2 Y\\l 3tLl . 
This in particular implies that 

(2.19) l|v 2 ff |U 3(Et) <i + ||v 2 y||^. 

On the other hand, it follows from (|2.9p . (12.2[) . and Proposition 12.41 that 

l|v 2 y|| L 2 < ||vf • v 5 |u s + ||v 5 ||ij + iMiij + 1 

<||vr|||«||vy|||,||v. 9 || L e + ||v 3 || 2 , + i. 

Using ||Vy|| L 6 < ||V 2 F|| L 2 + 1 and dUS} we can obtain 

HV 2 r|k <||V.g|| 2 ,+l<||V 2 ff || 2 ,+l. 
This together with (|2.19j) gives 

(2.20) l|v 2 y|U, <i + ||v 2 y||L i2 . 

■* t x 

Integrating with respect t over [to, to + T] yields 

^ Y H MLi <Ti (l+l|V 2 y|li ffo , to+T]i ,). 
Therefore we can choose a small but universal T > such that || V 2 y|| L 3 L i < 

[tQjtQ +T] x 

C for some universal constant C. Consequently, by using (|2.19|) and (|2.20j) we can 
obtain f)2.21[) and (|2.22j) in the following result. 
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Proposition 2.5. Under the bootstrap assumption \BA 1\) and fBAty) . there hold 
(2-21) \\9\\H^ t ) + l|Vfe|| i2(Et) < c, 

(2.22) l|v 2 y|U2 (Et) + ||vr|| i2(St) <c, 

(2-23) IMV.g)|| L2(St) + ||d t V 5 |U 2(St) <C 



for all t G [to, to+T] with T > being a universal number, where, for any Y^-tangent 
tensor field F, we use the notation eo(F) :— n~ 1 (dtF — \7yF). 

Proof. It remains only to prove ([2~23"]) . We use (|2~14)) . (|2~2"Tj) and ([2722]) to deduce 
that 

IMv.g)|| L2 < ||vfc|| L2 + ||vr|U.||Vfl|U» + ||v 2 y|| l2 

+ l|Vn|| L 4||fc|| L 4 + ||y|| i ^||« ? || L2 <l. 

Finally, in view of (|2~2T|) we obtain ||<9 t Vg|| L2 < ||e (V5)|| L 2 + ||V 2 g|| L2 < 1. □ 

Lemma 2.6. Under the bootstrap assumptions IB A 1\) and KBAty) , for 3 < p < 6 
there hold 

(2.24) l|v 3 r|| i2 < ||V fl ,fc|| L » + l, 

(2.25) ||vy|| L » <||fc,v 5 ||^- 3/p + i. 

Proof. In view of Proposition l2~5l (|2.2p . and Lemma l2~2l we obtain from (j2.11j) that 

II v 3 r|| L2 < || Vtt, vsIUj II v. g , Triii- + ||v 2 y • Vg\\ L * + \\Vg, k\\ L - + 1. 

We may write 

l|V 2 Y • Vg\\ L 2 < ||V 2 y|| L 3||V.g|| L a < ||V 2 r|| L3 ||V 2 .g|| L2 . 

Applying the Sobolev type inequality ([25l Lemma 2.5]) to ||V 2 Y||£3, and using 
([23]) . (p73]l . (TOT]) and (|2T22|) . we can obtain (|2~2g|) . Finally we can use the Sobolev 
embedding given in [35J Lemma 2.6] to conclude (I2.25|) . □ 

3. H 2+t estimates 

In this section, under the bootstrap assumptions (|BA1I) and (|BA2[) . we will es- 
tablish H 1+e type energy estimates for k, Vg and T>4> with <f> being solutions of 
homogeneous wave equation D g = 0. We will also obtain the H^ +e and H 2+t 
estimates for Vn, VY, neo(n) simultaneously. As the main building block of this 
section, established in Appendix III are a series of product estimates in fractional 
Sobolev spaces and estimates for commutators between the Littlewood-Paley pro- 
jections P M and the rough coefficients. 

For simplicity of exposition, we fix some conventions. We will use tt to denote 
any term from the set VY, Vn, k, V<7 and eo(n), where eo(n) = n~ 1 (dtn — Vyn) 
as defined before. It follows from Proposition 12.51 and (|2.2[) that ||7t||hi < C. We 
also introduce the error terms 

(3.1) erri = g • tt ■ Vtt, erv2 = g • fr ■ tt • tt, 

where g denotes any product of the components of n, g and Y. We denote by 
err(_R) any term involving R and its derivatives satisfying 

(3-2) \\err(R)\\ HH v t) <C 
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for all te[t ,t +T]. 

Proposition 3.1. For < e < 1/2 there hold 

(3.3) HA 1 ^ (v 2 n, V(ne (n)), V 2 F) \\ L , < \\Vg, k\\ H i + . + 1, 

(3.4) ||A e (V 3 n,V 2 (neo(n)),V 3 r)|| L 2 < || Vg, k\\ L ~ \\Vg, k\\ H t+* + 1 
and, /or i/ie error iype terms defined in h3.1\) . there hold 

(3.5) ||A e em|U= £ II*. Vg|U-(||V 5 , fc|| ffl+ . + 1) + 1, 

(3.6) ||A £ err 2 || i2 < || Vg, fc|| H t+. + 1. 

Proof. For any scalar function / it is easy to derive the commutation formula 

(3.7) [A, V nT ]/ - -2n^V/V7 - VnAjVi/. 

To obtain the estimates of Vn and neo(n), we first use (|1.6|) and Q3.7P to derive the 
identities 

(3.8) AVn = V(n|/c| 2 ) + gR- Vn, 

(3.9) A(ne (n)) = ne (n|fc| 2 ) - 2n*4v ; V a n - V a nVmk l a . 
In view of (|3.8p . we have 

(3.10) AVn = nVfc -k- g + (Vn, k,Vg) 3 ■ (n,g) + err(R). 
It then follows from (110. 3|) that 

||A- 1/2+£ AVn|| i2 < ||VA|| H .||n 5 . fc|| H i + ||(Vn,A, V 5 ) 3 ■ (n,g)\\ L 2 + ||err(i?)|| i2 . 
By using (|10.30[) and ||7r||jji < C, we can conclude that 

(3.11) ||AVa+«v a n|| £ » < ||Vfc||^ + 1. 
In view of (|3.9p and (|1.13|) . we have 

(3.12) A(ne (n)) = {nAg + V 2 n)ng ■ k + g • tt ■ ff • %. 
Thus, with the help of ([17131) and dSUJ , it follows 

IIA-V^ACneoWJIU. < (||V 2 5 ||^ + II V 2 n|| ffc )llg • *||^ + llg|^| 3 |l^ 
< ||V 2 5 ,Vfc|| ff£ +l 
which implies, in view of (|10.30[) and 1 1 tt 1 1 jyi < C, that 

(3.13) ||AV»+*v(neo(n)) || L2 < || V 2 . 9 , V*||jj. + 1. 
Next we use (|2~TT|) and ([103)1 to obtain 

HA-Va+eAvrll^ < \\V(*,Vg,VY)\\ B . + \\err(R)\\ L 2. 

This together with ([3.11|) . (|10.30p . ||7t||ki < C and the interpolation inequality 
gives 

(3.14) ||AV2+ev 2 F|| i2 < || V 2 Y\\ Ht + || V 2 5 , Vk\\ Hc + 1 < || V 2 ff , Vfc|| H . + 1. 

Combining the estimates (|3.1ip . (|3 . 1 3|) and fl3.14p . we therefore complete the proof 
ofQ. 

As a byproduct of (13. 3p . we have 

(3.15) ||A £ V7r|| L2 < ||fc,Vp|| H1+e +1. 
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It then follows from (fTOJl) and (|3~T5|) that 

(3.16) ||A £ (^. W)|| i2 < ||7r|U-||7f|| fll+ .<(||A,V 5 || i ri + .+l)||7r|U-. 
By Lemma 110.21 and ()3. 15|) , we have 

(3.17) ||A e (7r-7r-7r)||^ < \\n\\ 2 m \\Z\\ m+ . < \\k,Vg\\ m+ . + 1. 

To treat the factor g in the definition (I3.1[) . in view of ||g||H 2 < C m Proposition 
[231 using Lemma HUTTl and (|3~T(jl) and (j3~TTj) , we thus obtain ([23]) and ([3~o) . 

Finally, we consider (j3"H) with the help of (|10.29j) . Let F = ne (n), Vn, VF. 
Then it follows from (|2J2]) and (f2T22|) that \\F\\ H i < 1. Moreover, the elliptic 
equations f|3 . 10[) . (|3.12[) and (|2.11l) can be written symbolically as AF = erri + 
crr2 + err(i?). In view of (|3.5[) . (|3.6|) . and the definition of err(i?), we thus obtain 

icon. □ 



3.1. First order hyperbolic systems. 

3.1.1. Energy estimates. We consider a pair of tensors {u,v) satisfying the first 
order hyperbolic system 



(3.18) 



dtu — Vyii = nv + F u 
dtv — Vyw = nAu + F v . 



Note that for (u 7 v) satisfying ()3.18j) . the pair (Z7i,Vi) = (Vn, Vw) satisfies an 
equation system of the form of (|3. 18|) with 



(3.19) 



F Vl = VY m V m u + Vn-v + VF U + Y ■ R-u 

F Vl = Vr m V ra w + Vn • Au + nR ■ Vu + Y ■ R ■ v + VF V + nV(R ■ u) 



where the last term in Fjj 1 and Fy 1 can be dropped in the case that (u, v) is a pair 
of scalar functions. 

We also can check that the pair of functions (U^,V^) := (P^u^P^v) satisfies 
(|3.18|) with Fun and Fyn given by 



(3.20) 



Fu» = [Pp, Y m }d m u + [P^n]v + P^F U , 
F v , = [Pn,ng]%u + P^F V + [P^Y m ]d m v. 



Thus, it is easy to check that {U^, Vj 1 ) := (P^Vu, P^Vv) satisfies the system (|3.18[) 
with Fjjv and F v , given by 



(3.21) 



F v » = [P„, Y m }d m Vu + [P^.n}Vv + P^F Vl , 
F v , = [P p , ng]%Vu + [P^Y m ]d m Vv + P M 



Lemma 3.2. Let < e < 1/2. Then for Fy^ and Fy, defined by 13.20\) there hold 

the estimates 

(3.22) 

\\l* i+ 'Fu»\kz.i + ||M"' +e VF^ Uhlj < || Vn, VY\\ h i\\Vu,v\\h* + \\^ +e P^F u \\ llLl , 



2 We remark that the precise form of the first term in Fy, should be [P M , ngV 2 ]u which consists 
of [Pfj,, ng] V 2 « and ng[P M , T]du. The latter is of much lower order, which not only can be treated 
similar to the first term, but also can be done in a much easier way since f is smooth. Thus, we 
will omit this term for ease of exposition. 
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||/i e VFc„ + \\n 1+e F Ult \\ llLl 
(3.23) 

< ||V 2 F, V 2 n\\ Hi+ A\Vu,v\\ Ll + \\Wn,VY\\ LT \\Wu,v\\ H , + H/ZVP^H^g, 

and 

(3.24) \\n e F Y 4 l%Li < \\V(ng),VY\\ LT \\Vu,v\\ H < + \\^P„F v \\^ Ll . 

Proof. (|3~2"3"j) follows from (|10.2ip . (pOU) follows from (|10.13|) . and fl3~2"2"|) follows 
from (|10.14l) and (|10.15j) . □ 

Lemma 3.3. For < e < 1/2 £/iere fcoZd 
(3.25) 

||A« 1+e V*Mi»£J + IIa/VF^II^ < ||V 2 F U ||^ +J(e,u,»), 
(3.26) 

\\fF vr \\ llLl < (\\Vg\\ Lr + 1)||V 2 W ||^ + \\VF V \\ H , +l(e,u,v) + \\Vu,v\\ H ., 
where 

I(e, u, v) = ||V 2 F, V 2 n||^ +e || V 2 u, Vt>|U» + || VV, Vn|| L « ||Vu, w|| h i+.. 

Proof. The first part of (|3~2"5j) follows from (I10.23P and (l3~2"0)l . In order to prove 
the second part of (|3.25[) . we may use the same argument for deriving (|3.23[) to 
obtain 

ll/^Vify \\ l%Li <X(e,u,v) + \\ f x e VP^F Ul \\ llLi . 
In view of (f3TT9|l . we apply (|10.26p to obtain 

W^VP^Fu, \\ llLl < I( e , u, «) + H^VP^VFulljjij + ||A e V(F • R ■ u)\\ L , 
<l(e,u,v) + \\p, e VP^F a \\ l%L 2. 

Combining the above two estimates, we therefore obtain the second part of l|3.25[) . 
Next we prove (|3.26[) . We first apply Lemma 110.61 to derive that 

(3.27) 

y e F v .\\ llLl < ||V(n. g )|| iTC ||V 2 ,i||^ + ||Vy||io.||Vt;|U. + H/ZP^vJ^. 
By using Lemma 1 10 . Ill we have 

\\^F Vl \\ llL , < || vy|[i» || Valine + ||V 2 r|| ff i +c ||V«||^ + \\Vn\\ Lr \\Au\\ H , 

+ || V 2 n\\ H i+, HAulU; + \\nR • Vu\\h< + \\YR- v\\ h * + \\VF V \\ H - ■ 
With the help of Lemma 110.111 and ||7r||/fi < C, we obtain 

\\An\\ Hc < \\^P^%u\\ llLi + \\^[P^^]%u\\ llLl 

< \\V 2 u\\h* + ||V 5 ||^ +£ ||V 2 U |U, < \\V 2 u\\ HC , 
\\nR ■ Vu\\ H , < ||/i £ [P„, nR]Vu\\^ Ll + ||Vu|| ff . 

< \\Vu\\ H < + ||V(nfl)|| Hi+ .||Vt»|U; < [|V«||ir. 

Similarly, we have with the help of ||VF|| ff i < C that \\Y ■ R ■ v\\ H , < \\v\\ H '- 
Therefore 

\\^P^F Vl \\ llLl <X(e,u,v) + \\VF V \\ H . + ||Vu||*. + \\v\\ H *. 



20 



QIAN WANG 



Combining this estimate with (|3.27[) we thus obtain (|3.26p . □ 

In the following we will derive the estimates on || \7 2 <7 1| and ||Vfc||#e. Recall 
the energy S^(u, v) defined in (12.17[) . Let P M be the Littlewood-Paley projection 
with frequency size /i, we can introduce 

and the energy 

1 

(3.28) £^(u,v)(t) :=^ M 2£ 4 1 )( U , U )(t) + ^f( l )( U , U )(t). 

fi>l i=0 

In view of (|2.18p we can derive that 
(3.29) 

MP® < (\\k,VY\\ L oo + l) E£Ht) + HVF^IUHlwril^ + WVnL'WFvfh*- 
Hence, by the Cauchy-Schwartz inequality, we obtain 



d * fE^^Wj < (ll*.vy|Uo. + i)]T M 2 ^«(t) 

\ A 1 / M 



(3.30) + II^VF^I^I^Vt/fll^ + \\^vf\\ llL 4^F vr \\ llL *. 

We will apply (|3.30[) to the pair (u, v) = (g, —2k) and (|2.13j) to derive en- 
ergy estimates. Lemma \3. 31 will be used to estimate the terms \\/j, e 'VF u v \\pL a an d 
\\/j, e F v v\\[2 L 2 which involve terms related to F u and F v . The following result gives 
such estimates. 

Lemma 3.4. For < e < 1/2 there hold 

(3.31) \\A^ 2 F U \\ L 2 + ||A £ V^|| L 2 < (\\Vg,VY,k,Vn\\ L oo+l)\\Vg,k\\ H t + *, 

(3.32) \\A? +e VF u \\ L 2 < ||Vfl, k\\w+. + 1- 

Proof. Recall F u and F v from (|2.13p . By straightforward calculation, symbolically 
we have 

V 2 F U = g ■ V 3 F + erri + err 2 , V-F„ = VV 2 n + erri + err 2 . 

where erri and err 2 denote the terms introduced in (|3.1[) . Then (|3.3ip follows from 
Proposition 13.11 Applying Lemma [10.131 to F = g and G = VY, and using Q3.3P 
and (|2.22l) we obtain 

\\A^V(g-VY)\\ L , < ||V 5 || Hl+ c||Vr|| H i + ||.g|| L ~||V 2 y|| ff i +c < || V<?, + 1 
which gives ([3321) . □ 
Proposition 3.5. For < e < s — 2 there holds 

(3.33) HV 2 0(*)||He + ||Vfc(t)||^ <C 
and for any pair (u, v) satisfying H3.18\) there holds 
(3.34) 

£^(u,v)(t)<£^\t ) + f (||Vtt||^ + .||VF„||HX + . + \\v\\ m+ 4F v \\ m+ <) . 

J tn 
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Proof. Now we consider the energy defined by p.28j) for the pair (u, v) = (<?, — 2k) 
by using (|3.30|) . In view of (|2.3p . Propositions 12.41 and Proposition ^. 5) we have 

(3.35) + £® < C. 

Combining this fact with p.3|) . we have 



< (||W,Vn|| L oc. + l) J (u,v). 
This together with Lemma 13.31 Lemma 13.41 and (|3.30p implies 

V n / n 



V<7, VY, Vn\\ L ~ + l) £ (1+£) (u, w) 



which combined with Q3.35P gives 

(3.36) ft ^xy^w) £ (ii*,v 5 ,vy,vniucc + 1) (e^w + 1) • 

By the bootstrap assumption {BXTJ), we obtain £( 1+e ) (it, < £ (1+e \u,v)(t a ) + l 
for t < t < t + T which implies (j3"33) . 

It remains to prove p.34p . From (|3.33[) . (|3.3p and Sobolev embedding, it follows 
that 

(3.37) 

||Vy,Vn > nc (n)|| i - + \\K l / 2+ ^ 2 Y, V 2 n, V(ne (n)))\\ L , < ||V(V 5 , fc)(t )||ff. + 1. 

Thus for any pair (u,v) satisfying (|3.18l) there holds I(e,u,v) < \\\7u,v\\ H i+t on 
E(. We will rely on Lemma 1331 to treat \\(j. e VFu» \\i2 L 2 and H^^THi^ h i in (|3.30l) . 
We then obtain from p.30p that 

d * (E^^w) ^ (ll*.vy,v 5 || i - + i)x;M 2e 4 :l) (*) 

\ M / A 1 

(3-38) +(||V 2 F tl ||^ + |!V^|| ffe + ||V M , U || Hl )E^4 1) W- 

Now we consider lower order energy £^'(u, v), by using (13. 19)) for the pair (Ui, Vi) = 
(Vu, Vv) and 

||V^i,F v i|| iS < ||Vu,«|| ff i + ||u|| i; + ||V 2 F U || L 2 + ||V^|| ig 
which can be derived by using Sobolev embedding and (I3.3T[) . By (|2.18l) . we derive 
d t £^(u,v)(t) < (\\k, Vr\\ L - + l) £V>(u,v)(t) 



(3.39) + ||VV Vv\\ Ll (\\V(VF u ,F v )\\ L 2 + \\Wu,v\\ m + \\u\\ Ll ). 

For £(°\u,v)(t), we employ (|2~Tgj) again. Combining (1335)) . ([535]) , (|2"35]l . Lemma 
13.31 and the Gronwall inequality gives p.34p . □ 
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3.1.2. Geometric wave operator. For the pair (u, v) satisfying (|3.18p . we can show 
that u satisfies the geometric wave equation 

(3.40) n 2 U s u = -(nF v + ne (F u )) + e (n)F u - n 2 n 0a V a u + n 2 Trke (u). 

Indeed, relative to an orthonormal frame eo := T, = 1, 2, 3, by straightforward 
calculation we have 

g^D-j-u = Au + TrfcD T u, D T D T u = e (e (u)) + n jV j u. 
Since D g u = -DtDju + g y D- 3 u, we obtain 

(3.41) n Dgii = — n 2 eo(eo(u)) + n 2 Au — n 7Tcy V J it + n 2 Trk Dxii. 
In view of (|3. 18[1 we have 

neo(neo(u)) = neo(n) ■ v + n 2 Au + nF v + neo(F u ). 

Combining this with (|3.4ip and using (|3.18p we obtain (13.401) as desired. 
Therefore, if ip is a solution of the geometric wave equation 

(3.42) a s xjj = W, 

we can check by (|3.40[) that (u,v) := (ip,eo(ip)) satisfies the hyperbolic system 

(o 4 o\ e (u) = v, ne (v) =nAu + F v , 

1 ■ ' F u = 0, F v = -nW - nirojVJu + nvTrk. 

Lemma 3.6. Let tjj be a scalar function satisfying the geometric wave equation 
□g^ = 0. Then for < e < s — 2 there holds 

(3-44) ||VF„|| ff . < ||V(VV,eoW)|| ff c. 

Proof. Indeed, in view of (|10.26l) and Tr/c — t we have 

^2 I 



\VF V \\ H < < \\V 2 n\\ Hi+ A\V 2 u\\Ll + ||Vn|| ir ||V 2 U || ff c + ||V«| 



Since < e < s-2, we have from (pT37)) that \\VF v \\ Hc < \\ V 2 u\\ L 2 + || V(Vu, v)\\ H , 
which gives the estimate. □ 

It is standard to derive for ip satisfying O g ip = that 

(3.45) ||DV>(t)|U» < ||D^(ti)|| i2 , t <h <t<t + T. 
We now give the following energy estimate. 

Proposition 3.7. Let tp be a scalar function satisfying the geometric wave equation 
□gV' = 0. Then for any < e < 1/2 and to < t\ < t < to + T there hold the energy 
estimates 

(3.46) £ (0 (V,eoM)(i) < ]T £ U) bl>,eoM)(h), i = 0,l, 

0<j<i 

and 

f( 1+e )(^eoW)(t)<f (1+£) (^eo^))(ti) 

Proof. Since (u, v) — (ip,eo(ip)) satisfies (|3.43|) with W = 0, we can easily derive 
that 



■v\\Ll 



<(\\Vn\\ L ~ + \\Trk\\ L ~)(£W(u,v: 
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Recall that F u — 0, an application of (|2.18|) gives (|3.46|) with i — 0. The case i = 1 
can be proved by employing (|2.18|) with (U 1 ,V 1 ) := (Vtp, V(eo(V0))- Indeed, in 
view of (|3.19[) and (|3.37|) . we have 

\\F vl ,VF m \\ Ll < \\VF v \\ Ll +(£W(u,v))i, 

and 

l|Vi^|Uj < (||VVn|| L 3 + ||Vn||£-)||Vti|| H i + (||V«|| L2 + ||Vn||z~|M| iS )|| , IM:||L- 

<(f( 1 )( U ,»)(i)) l + (f(°)( 0) B)(i)) i . 

By substituting to (pETS]) . we can complete the proof of (pT46l) . Using (f3~34|) . (pT44"|) 
and the Gronwall inequality, we can complete the proof of Proposition 13.71 □ 

Consider either (u, v) = (g, — 2k) in view of (I1.13[) . or the solution of O g tp = 
in view of the reduction in (|3.43[) with (u, v) = (ip, eo(VO) anc ^ W = therein. For 
< e < s — 2 we have obtained Proposition 13.51 and Proposition 13. 71 which can be 
rewritten as 

(3.47) £ (1+£) (u,t;)(i) <£ (1+e) ( M ,w)(i ) + l, t < t < t + T. 

By the inequality (|3.29[) . we have 
sup <v?<£W(to) 

t <t<t +T 

t0+T (\\^F K \\ L 4^VU?\\ L 2 + \\^Vr\\ L 2\\^F vr \\ L ,) dt. 

3 

Using Lemma 13.31 together with Young's inequality, we have 



J2 sup A^W(i)] <(£^\t )Y 

^ t <t<t +T J V / 



to+T 



We then conclude that 

Proposition 3.8. For < e < s — 2 i/iere Zio/cfe 



V sup M 26 4 X) (*) ^HVu,»|| H i+.(to) 
v ^T*o<t<*o+T y 



in 



3.2. Flux. In view of ([2~14| and ([2~T5|) . we can see that := (V.g, -2Vfe) 

satisfies the hyperbolic system p.!8|) with 



(3.48) < 



F u = 3 V 2 r + VF • V.g + Y ■ R ■ g + Vn ■ k, 

F v = V(2V 2 n + n*k*k + k* VY) + Vnhg + VY • Vfc + Y ■ R ■ k 
+n(g -Vg-^g + g-R-Vg + g-VR-g). 
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By straightforward calculation we have 

( VF U = g • V 3 Y + erri + err 2 + err (A), 
1 F v = V 3 n + erri + err 2 + err(ii). 

Next we give the first order hyperbolic system for the pair (k,E). Recall that 
(see (3.11a)]) 

n^idt - Cy)E 13 = curlfly - ^'(Vn A H) tJ - ~{E x fc)« 

(3.49) -^{E*k)g ij -^TrkE ij , 
where, for any symmetric 2-tensor F, 

(3.50) curlF a6 = ±(e a cd V d F cb + e b cd V d F ca ). 

with e a cd denoting the components of the volume form of (Et, g). When div F = 
and TtF — t, symbolically we can obtain the identity 

(3.51) curl curl F = - AF + Ric * F + Vg • Vg ■ g ■ F 

In view of curl A; = —if, we can use p. 511) with F — k to treat the term curl if in 
(13.491) . Consequently we obtain 

(3.52) 7i _1 (9 t - £y)Eij = Afc + Ric * k + Vg • Vg • k ■ g + Vn * H + k * k * k. 

By coupling (|3.52[) with (11.41) . we can see that the pair (u, v) := (k, E) satisfies the 
first order hyperbolic system (|3.18p with 



(3.53) 



F u = V?-n + nk * k + k ■ VY, 



72. 

y 

F v =nR*k + nVg - Vg-g-k + Vn*H + nk*k*k + E- VY. 
Using the Gauss equation E — Ric + k * k and (|2.12j) to treat E, we have 

VF„ = V 3 ri + erri + cri - 2 + crr(i?), 



F v = erri + crr 2 + err(iZ). 
In view of Proposition 13.11 we obtain 



Proposition 3.9 (Remainder estimates). Let (F U ,F V ) be defined by either 
or 13. 53]) . Then for any < e < 1/2 there hold 



(3.54) 



\VF u \\ He + \\F V \\ H . < (\\Vg,k\\ L ~ + l)\\Vg,k\\ Hl 
\F u \\ Hl/2+e < \\A*V(k,Vg)\\ L 2 



and 

(3.55) \\VF U \\ L 2 + \\F V \\ L 2 < (||V.g,fc|| L =o + 1)||V 5) 

We now fix a point p in E x I and use r + to denote the time axis passing 
through p which is defined to be the integral curve of the forward unit normal T 
with r + (i p ) = p. We use T t to denote the intersection point of T with £ t . Let u be 
the outgoing solution of the eikonal equation g a " d a udpu = satisfying the initial 
condition u(T t ) = t — t p on the time axis. We will call this u an optical function. 
We denote by C u the level sets of u which are the outgoing null cones with vertex 
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on the time axis. Let St, u — C u H St and let {ei, e-i\ be an orthonormal frame on 
St, u - Let N be the exterior unit normal, along Et, to the surface St. u - We define 

(3.56) b -1 :=T(u), L := T + TV, £ := T - iV = 2T - L. 

We will call L, L the canonical null pair. Then {ei, e2, e3 := L, := L} also forms 
a null frame. 

For 0<u<to + T — t p and i p < t\ < t% < to + T, we introduce the null 
hypersurface H := ^->t 1 <t<t 2 St,u- We will use D + to denote the region enclosed by 
W, E tl and E t2 . For any scalar function if; we introduce the flux 

F[i>]= [ (\L^\ 2 +1 AB f A ^ B yj), 
Ju 

where 7 is the induced metric on St t u and y is the corresponding covariant differ- 
entiation. For any scalar functions <f> and ip we introduce the energy-momentum 
tensor 

(3.57) = ^(D M 0D^ + D^D^) - -g^g^D^D^). 

Let Q[V>] := Q[V>,^>] an d define the energy 

Q(m) ■= [ QbP](T,T)dfi g . 

It is straightforward to check •7-"[?/>] = 2 j c Q[ip](T, L). 
For any E-tangent tensor field F M , we set 

(3.58) V L F t = efL v T) 1/ Fp, f A F, = efV A F M 
and introduce the norms 

\V L F\l := .^D/f J),/-.. : = - U 'V'V ^X;,./', 

We will drop the subscript g in the definition of norms whenever there occurs no 
confusion. 

Following the same proof in [251 Section 5], we can obtain the following result 
on tensorial k-Qiix. 

Proposition 3.10. Under the bootstrap assumption \BA {or the tensorial k-flux 
there holds on the null cone C u the estimate 

[ (\fk\l + \v L k\l)<c. 

The following estimate is the main result of this subsection. 

Proposition 3.11. Let the bootstrap assumptions WAl\) and WASfy hold. Let f 
be the scalar components of Vg and k. Then for < e < s — 2 there holds 

^[f} + \\^^[p,f]\k<c. 

In the following we will give the proof of Proposition 13.111 By the standard 
energy estimate we have 

FbP] < |0(V)(*a) - QW(h)\ 

(3.59) + f 2 Q^{ip)(t')\p s ^\\ L 2 + f 2 C(||7r|U- + l)Q(m , )dt / . 

Jtx Jti 
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Recall that (Vg, — 2V/c) and (fc, E) satisfy the first order hyperbolic system (|3.18|) . 
Thus, for ip = Vg or fc, the expression of D g ?/> derived from ()3.40j) contains time 
derivatives of the shift vector field Y since F u contains the term ip ■ VF and other 
terms involving Y. The lack of control on Dt^ makes it impractical to apply (|3.59|) 
directly to ip = V<?, k. 

To get around the difficulty, we consider the following modified energy momen- 
tum tensor 

P» = -n^FuD^u + QftuT" + -(n" 1 F u ) 2 nD M (i). 
When (u, v) satisfies the system Q3.18p . u must satisfy (|3.40p . We claim that 
(3.60) 

D"P„ = (-7r 0a V a u + Trke (u) - n~ l F v ) v - T> 1 (n' 1 F u )T>,u + Q^ T \^. 

Indeed, since (|3.18p implies —n F u + Dt« = v, we have from the definition of P^ 
that 

D"P M = -D^n^P^D^ - n^F^u + D^T" + Q^ T K^ 

+ (n- 1 P„)D^(n- 1 J F 1 „)nD Al t 
= D (n- 1 F u )D u - D l (n- 1 J F 1 „)D l u - n -1 F u DgU + a gU T> T u + Q^ (T) ir^ 

+ (n- 1 F„)D' i (n- 1 F u )nD^ 

= (-n- 1 ^ + D T w)(D gU + Do^- 1 ^)) - D l (n- 1 P u )D lU + Q^V" 

= (U s u + D (n- 1 F U )) u - T>\n- 1 F U )-D l u + Q^V^. 

In view of (pHUl) . we obtain ([3T5D]) . 

By the divergence theorem we have for that 



(3.61) 
Note that 



Et 2 rtD+ 



P„T" 



/ P M T" - f D' 



P„ 



L"P M = / -(iDiti^ + l^up + fn-^^-n-^Di 



= / i(i|D LU | 2 + |^p_ (n -i Fu )2 ) + ( l DL 



u - n^Fv) 2 . 



Thus 



1,1 



2'2 



^(^|D LU | 2 + I^| 2 )< / L^ + ^n" 1 ^) 2 



Also using (|3.61[) . we obtain 
(3.62) 

F[u]{U)< ! \{n- l F u ? + 



H 



P M T^- 









/ P„T" 


+ 




/B tl nz>+ 







's t2 nx>+ 

Now consider the terms on the right of (|3.62p . By trace inequality, 



(3.63) 



H 



(«- 1 Pj 2 </ \\F U \\ H A\F U \\ L * 
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By definition of P M and C 1 < n < C, for any < t' < T, 



(3.64) 



T^P, 



's t /nx>+ 

For the third term, by (|3.60j) . there holds 



<||D M ||i 2 + ||F u f L2 . 



D^P„ 



(3.65) 



< / ||( T )7r|| i? ||D U || L .(||T;|| L . + ||D W || L .) 
+ \n~ 1 vF v +Ti i {n- 1 F u )T> l u\. 

JT> + 



Proof of Proposition \3.11l We first apply (|3.65|) to the modified energy momentum 
tensor P M corresponding to (u,v) = {Vg, — 2Vfc) or (k,E). In view of (I3.55[) , we 
obtain 



D"P„ 



v+ 



< 



l|Vflf,A:||ii£«»||V5,A;||^oo ir i. 



By Proposition 12.51 and ()3.55j) we have 



T M P„ 



< C and 



H 



Therefore we can conclude that J-[Vg, k] < C. 

Recall again that (u,v) = (V.g, -2Vfc) and (k, E) satisfy (|3~Tgj) with (F U ,F V ) 
given by (|3~48)l and p33| respectively Then the pair F'') = (P^u^P^v) 
satisfies (|5T5|) with given by in (|3.20|) . In view of (|3.22|) (|3.24[) . (|3. 331) . 

and Proposition 13. 9( we have 

(3.66) \\^ +e Fu4 llL i + || M -i+^VP^Ib=^ < ||V(V 5) < 1, 

(3.67) W^VFu.W^ < (\\k,Vg\\ Ls > + l) || V(V 5 , k)\\„* < \\k, Vg\\ LT + 1, 

(3.68) 11^*11^ < (||fc,V0||i- + l) [[V(V 5 ,A)||ir. < ||fc, V S || L » + 1. 
Define 

(3.69) 



Similar to ([3T55]) . we have /^(rc^F^) 2 < //* S^. Using ([3~BfJj) . it yields 
(3.70) Y, B P % W^Fu. \\p? + *F v * \\ l%Li < C 

In view of (|3.65l) , it follows that 



E 



M 2£ D Q P, 



< 



■^II^VP^IUill^DiP^H^ 

H>1 / 
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Using (|3~66| - ([3~68| . we obtain 



(3.71) 



M>1 



< || (T) 7r,V 5 , VY\\ L i Lr \\V(Vg,k)f He < C. 



In view of (j3~64| . ([336]) and ([3~33| . 



M 2e T Q P a 



<^^(||DP, u || 2 L , + ||F^||i,)<C 

P>1 



(3.72) 

' '£ t ,nz>+ 

We conclude in view of (j3~7T)|) . ([3~TTj) and (|3~72l that 

J2» 2e (J r [P^g]+F[P lJl k})<C. 

The proof is thus complete. □ 

4. Strichartz estimate and Main estimates 

In this section we will show that (BAl) and (|BA2j) can be improved. For ease 
of exposition, we shift the origin of time coordinate to to and consider [0,T] x E. 
Now we make the following additional bootstrap assumption: there is a constant 
Bq such that 

(BA3) W^Pfigh*^^ + || M 5 P M fc||^ fo(T]igo < Bo, 

where < S < s — 2 is a sufficiently small number. As an immediate consequence 
of (|BA"2|) . (|BAlj) . and (|10.27l) . there holds 

This estimate will always be used together with (|BA3j) . Our goal is to show that 
the estimates in (|BAT|) . (fBA"2|) and (|BA3l) can be improved by shrinking the time 
interval if necessary. We will achieve this by establishing the following main esti- 
mates. 

Theorem 4.1 (Main Estimates). Let WASfy and WA3\) hold for some sufficiently 
small number < S < s — 2. Then for any number q > 2 that is sufficiently close 
to 2 there holds 

l|V<7,fc|| ifoiT]is ° + \\^P„(Vg,k)\\iiLf 0: ^ <T*-h. 

If (f> is a function satisfying = 0, then there holds 

4.1. Decay estimate =>■ Strichartz estimates. Let us rescale the coordinate 
(t, x) — > (4, § ) for some positive constant A. We first prove Strichartz estimate by 
assuming the following decay estimate. 

Theorem 4.2 (Decay estimate). Let < eo < s — 2 be a given number. There 
exists a large number A such that for any A > A and any solution tp of the equation 

(4.1) DgV = 

on the time interval = [0, t*] with t* < A 1_8co T there is a function d(t) satisfying 

(4.2) ll^llj,! ~ •"•> f or 1 > ^ sufficiently close to 2 



2!) 



such that for any < t < there holds 

(4.3) \\Peom\\L T < ( + d(t)) (||V[0]|| H i + \MO)\\v>), 

where $[Q] := (^(0),3^(0)) and ||^[0]|| ffl := ||W(0)|U= + ||ft^(0)|| £a . 

Using Theorem 14. 2 [ we can prove the following result. 

Theorem 4.3 (Dyadic Strichartz estiamte). There is a large universal constant 
Co such that if on the time interval I* := [0,t*] there holds 

(4-4) Co||7T,V<7,Vy|| ai ~<l, 

then for any 4> satisfying the wave equation O s (jj = and q > 2 sufficiently close to 
2, there holds 

(4-5) WIUj.x«<II0[O]||hi > 

where P denote the Littlewood-Paley projection on the frequency domain {1/2 < 
kl<2}. 

We will prove Theorem l4.3l bv adapting a TT* argument from [Til [12]. Applying 
the TT* argument therein directly to our setting requires the control over <9g 
including the undesired quantity Dt^. To get around this difficulty, we give a 
careful refinement. 

Definition 4.4. Let uj := {uiq,oj\) € H 1 ^) x L 2 {Y<). We denote by 4>(t;s,uj) the 
unique solution of the homogeneous geometric wave equation n g = satisfying 
the initial condition <fi(s;s,uj) = cu and D tp(s: s,u;) = UJ\. We set <&(t;s,w) :— 
{4>{t\ s, ui), Do4>{t] s, ui)). By uniqueness we have $ (i; s, <3?(s; to, uj)) = $(£; to, uj). 

We first show that 

(4-6) \\P(e <t>)\\ LlLT < WmWrn- 

To this end, we let H ~ if 1 (E) x L 2 (T,) endowed with the inner product 

{u,v) = / (uji ■ vi + <5 u DjWo • Dj-uo) 

relative to the orthornormal frame {e = T,e,; — 1,2,3}. Let / = [t',tj with 
< t' < U and let X = L\U£ . Then the dual of I is I' = where 
1/V + l/<7 = 1. Let T(i') : H -> X be the linear operator defined by 

(4.7) T{t')u;:=PB <p(t;t',u]), 

where <j) :— 0(t;i',w) is the unique solution of O s cf> = satisfying 4>{t') — loq and 
Do4>{t') — uj\ with uj :— (wo,wi). 

By using the Bernstein inequality for LP projections and the energy estimate it 
is easy to see that T(t') : H — >• X is a bounded linear operator, i.e. 

(4.8) ||T(t>||x = \\P(eo4>)h^ < C(\)\\V<t>(t')hi 

for some constant C(A) possibly depending on A. Let M(t') := \\T{t')\\-H^x- Then 
M{t') < oo, and for the adjoint T(t')* : I' -> M we have 

||T(*TII*'-w = M(i'), ||T(tOn*0*IU^ = M(t') 2 - 
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Note that M(-) is a continuous function on /*, whose maximum, denoted by M, is 
achieved at certain to G [0,t*). Our goal is to show that M is independent of A. 
Our strategy is to show that 

(4.9) M 2 <C+^M 2 

for some universal positive constant C independent of A. Let us set Iq = [to,t*] 
and consider X = L q la L°^ , X' = L q lf L\., and the operators T(to) and 7~(to)* . For 
convenience, we drop the to i n the notation for operators. 

We first calculate T* : X' — y W. For any / el' and weWwe have 

{T*f,u) n = (f,Tw)x-,x= I fPD Q cb= [ (P/)D #i,to,w). 

We introduce the function ip to be the solution of the initial value problem 

□ g ^ = -P/, in[t 0) t*)x£, 
#t*) = dti/)(U) = o. 

Recall the energy momentum tensor Q[<f>,i{>] introduced in (I3.57[) . For any vector 
field Z we set P M := Q[(f>, i^\ lJLl/ Z v . In view of O g cf> = 0, it is easy to check that 

T> fj P f3 = X - ((^)D g ^ + Q[0,VW Z) ^) • 
By the divergence theorem we have 

(4.11) f Q^W^T" - / Q[^WZ"T"= / 

which together with the initial conditions in (|4.10p implies that 



(4.10) 



Q[<t>,i>] a p 



(4.12) f -{Z4>)U & i, = 2 f T a P a + [ 
Now we take Z = T. Then it follows from (|4T2j) that 

(4.13) f -D o 0D g V= / D o 0D o ^ + 5«Di0D^+ / Q[0, ^ Q / T) 7r a/3 . 
Therefore 

(4.14) (T/,w)« = <#o],w) 7 < + l(w) 1 
where ?(•) is a linear functional on % defined by 

We claim that Z(-) is a bounded linear functional onR. To see this, let w £ "H with 
\\wWn < 1. Then by the energy estimate we have HD^H^do^ < ||u;||% < 1. Thus 

< h\\ LlLT \\mL To Ll\\r>^\L To Ll < hhiL-imh-Ll- 

Hence, by the Riesz representation theorem we have l(u>) = (R{f),u))% for some 
R(f) S H and there is a universal constant C\ such that 

\\RU)\\u<C^\Al\l^W\\l Tq li- 

Moreover, we have from (|4.14l) that T* f — ip[to] + R(f) and hence 

(4.15) TT*f = T^[t } + TR(f). 
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We claim that there is a universal constant Ci such that 



(4.16) 



T>n LT Ll < C 2 M\\f\\ 



'o 



Assuming this claim for a moment. Then it follows from the definition of M that 

l|rij(/)iUj oi? < CtC 2 M 2 M LlLT ll/ll^j. 

Thus, if (HI holds with C > 2CiC 2 , then 



(4.17) 



\\TR(f)\\ L * L ~ < l -M 2 \\I\\ Lq , Ll . 

'a x Z x 



Next we will estimate ||T# ] Ilz« We set F := (0,-n 2 P/). By the Duhamel 



principle we have 



<f>{t;s,F(s))ds. 



t» 



Then t/)[to\ = - f t * &(t ; s, F(s))ds and thus 



T# ] = P 



to 

e <p { I: /,,- 
t» 

to 



*(t ;s,F(s)) 



la 



= -P 



eo 



<f>(t,s,F(s))ds 



to 



P[e <f>(t,s,F(s))]ds. 

It follows from Theorem 14.21 that 

||P [eo*(t, s, < C f (1 + |i - S |)"l + d(|t - si)) || V(n 2 P/)( s )|| 



Observe that on £ there holds 
||V(n 2 P/)|U < ||V(n 2 )P/|| L? + ||n 2 VP/|| L? . < (||Vn|| £ - + x, j >, 



< 



Li- 



Thus, in view of the Hardy-Littlewood-Sobolev inequality, (|4.2[) and Hausdorff 
Young inequality we obtain 

:t * d(\t- S \)\\f( S )\\ Ll d S 



(4.18) \\mt ]\\ LjL o 

'0 1 



< 



'£? LI 
i * 



to 



< 



'Li Li ' 



Combining (|4TT5|) . (|4~TTj) and (|4TTg|) . we therefore obtain 

It remains to prove f|4. 16|) . Let be a solution of U g <p = in P. Then for 
any to £ [0,i*] there holds the energy estimate ||D0(<)|| i 2( S ) < ||D0(i o )||z, 2 (s:) f° r 
t 6 [to,i*]- Let to < t' < t*. Similar to the derivation of (I4.13[) , we have on 
I = [t',t*\ that 



(4.19) 



D o 0D o ^ + 5 13 : Di0D, V - 



'JxS 

which together with n s t/j = —Pf gives 



7xE 



(T) 



\^ L ~\\T>i>\\ LTLl \\T>$\\ LTLi 



According to definition of M, we can obtain ||Peo<^||£<j£oo < M\\T)(f>(t') \\ L 2 . Thus 



<D^,D$(0 < {M\\f\\ L f Ll + \\ {T) M\L]L T \m\\L?Ll) 

Since T)<f>(t') can be arbitrary, there is a universal constant C3 such that 

w^mui <c 3 M\\f\\ LfLi +c 3 i|( T ^ii L i i ooiiDv.iu ?L ,. 
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Recall that t' e [to,**) is arbitrary. Thus, if (|4T4j) holds with C > 2C 3 then 



This implies claim (|4.16p with C2 = 2C3. The proof of (|4.6|) is thus completed. We 
also have proved for any t G /* 



(4.20) 



DV>|U~^<C 2 M||/|| ry 



[*,*«) 



Now we consider ||P(9 m 0)||i? ^oo. It suffices to estimate 



fP(d m <P) 



/,xS 



7,xS 



for any function / satisfying H/HjV^i < 1- Let -0 be the solution of (|4.10|) , then 



-d m (j>n g ip. 



In view of (14. 1 2[) . we have with Z = d m that 

/ -Ztj>U^ = 2 / T a P a + f QM] a p {Z) v aP ■ 

By direct calculation we can see that — g • Jr. Thus it follows from the energy 
estimate (|4~20l) and ([4~4]) that 



and 



/,xS 



T a P n 



<||D#0)|U 2 ll/H^ 



< iid^oJIU-HdvIUsls < \\r>m\\L4f\\ L ,> Li - 

Therefore \X\ < ||D0(O) ||xg H/HjV L \ ■ Hence we can conclude that 

(4.21) \\Pd m <t>\\ LlLT <<7||D#0)|| iS . 
Finally we prove (|4.5[) for the case that d — dt, i.e. 

(4.22) ||Pfi^|U« <L » <C||D0(O)|Uj. 
Note that dt! = ne (f) + Y m d m f. We can write 

Pd t cj> = nPe a {<t>) + Y m Pd m <\> + [P, n]e <P + [P, Y m \d m <\>. 

By using (|10.12[) . the Bernstein inequality and the finite band property for the 
Littlcwood-Paley projections, we obtain 

\\[P,n]e 4>\\ LlLr < ||Vn|| LLL o O ||(eo^<i||^+^||P(n,-(e o 0),)|| LlL o O 

£>1 

< \\Vn\\ LlLS ,\\e <f)\\ L? , L 2, 

By using (|2 .4[) and (|BA2[) under the rescaling coordinates ||Vn|| L g Loa < \~ 1+1 / q , 
also using the energy estimate for </>, we can obtain 

||[P,n]eo^|U L£ . <||D^(0)|| L 2. 
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Similarly, we have ||VY[[£« L =c < A~ 1+ i and 

||[p,r m ]9 m 0|| ilLr < ||d^(o)|| l5 . 

Combining the above two estimates with (|4.6|) and (|4.2ip we therefore obtain (|4.22p . 
The proof is thus complete. 

4.2. Strichartz estimates =>• Main estimates. In this section we will use The- 
orem 14.31 to prove Theorem 14.11 According to the properties of Littlewood-Paley 
projections, it is easy to derive the desired estimates for the low frequency part. 
Therefore, to complete the proof of Theorem l4.1[ it suffices to establish the following 
result. 

Proposition 4.5. There exists a large number A > 1 such that for any q > 2 
sufficiently close to 2 and any 5 > sufficiently close to there holds on I — [0,T] 

£ {||//-P^mSll£ ?iS o + WiSPMW'l?} ^T l -l 
Moreover for any solution of D g <p = ; there holds 

E H/^WIIW ^-illV^eo^ll^o). 

In order to carry out the proof of Proposition I4.5[ we pick a sufficiently small 
eo > and for each /i > 1 we partition the interval [0, T] into disjoint union of 
subintervals Ik — [tk—i,tk) with the properties that 

(4.23) \h\<^ 8e °T and ||fc, V.g, VY, Dn|| i? L » < m" 4£ °- 

Such partition is always possible. Let k m denote the total number of subintervals 
in the partition. It is even possible to make < /x 8£ °. 

We first consider any pair (u, v) satisfying (|3.18p . Then (U^, V^) :— (P^u^P^v) 
also satisfies the system (|3.18p with Fjj^ and Fyv. given by (|3.20| . i.e. 

(4.24) Fu» = [P M , Y m ]d m u + [P^,n]v + P^F U , 

(4.25) F v * = [P M> ng]V 2 u + P„F V + [P„, Y m ]d m v. 
Consequently, it follows from (|3.40|) that 

n 2 a s P^u = -nD T % + n(-F v » - nn 0a \7 a U> 1 + e {lnn)Fu» + nTr/ce C/ M ). 

Now we will use the Duhamcl principle to represent P^u. To simplify the no- 
tation, we use W(t, s) to denote the operator defined on H such that, for each 
uj := (u)Q,u!i) £ H, 4> := W(t,s)(uj) is the unique solution of the initial value 
problem 

(4.26) n g (j> — 0, cj)(t;s,x)=ujo, dt(/>(t;s,x)=u>i. 
Then, by the Duhamel principle, we have for t G Ik = [ffc_i,ffc] that 

i>(t) = W{t,t k -i) (P M u(ifc-i),9 t P M u(i fc -i) - F^(ife-i)) 

(4.27) + f W(t 1 s){0,-R fl (s)) + W(t,s){F u 4s),0)ds. 
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Now we apply P M to the both sides and take the spacial derivative. Writing P^ = P^ 
by abuse of notation a little, we have 



P fi d m u(t) = / {d m P l ,W(t,s)(0,-R fi (s)) + d m P fl W(t,s)(F m (s),0)}ds 

(4.28) + dmP^Wit^-x) (P^u(t fc _i),5tP^u(t fc _i) - Fu^tk-x)) . 

where 

Rf, = n(~F Vf > - mr 0a V a U^ + e {\nn)F Ut , + nTrke^U^) - F^P^. 

By using (|4.5|) in Theorem 14.31 with suitable change of coordinates, we have 
for any one-parameter family of data w(s) :— (uq(s),uji(s)) G % with s G Ik '■— 
[tk-i,tk] that 

^- 1+ ^\\P f ,dW(t,s)(Lo( S ))\\ L , Lr <^\Hs)\\n- 
In view of the Minkowski inequality we then obtain 

f P^dW(t, S )(Lo( S ))ds < f \\P»W{t,s){u{s))\\ L 2 L ~ds 



L 2 T L 



< |7 fc |5 1^2 I I \\ui(s)\\ n ds. 



Since \J k \ < P/i^ 8 ' , it follows that 



t 

P^dW(t,s)(u(s))ds 

t k -i 



L 2 , L% 



Ik 



Applying the above inequality to (I4.28[) gives, with <5 : = {\ — — 8e ), that 
H^Ml?^- £ V° (||m(0,P m )|L^ + 11^(^,0)11^^) 

(4.29) + T*-« (^(ifc-i) + C^Ctfc-x)) , 
where 

B^t) :=/i*||Ai(PX*), C^Ct) :=/i/i(0,-Ji;,(t))||tt. 

In the following we will give the estimates on i?^, Fu», B^tk-i) and C^t^-i) 
separately. Positive indices eo, <?, S are chosen such that 4e + <5o + 5 < s — 2, and 
5 + (5 < 4e - 

4.2.1. Estimates for R^ 7 Fun. 

Lemma 4.6. For any 5\ > S > satisfying b := 5q + 5± < Acq, there holds 
' «„ \ 1 

E E llM 1+5o+5 ^llij fc ^ < T||Vn, W |U rH1+6 + || M 1+b P M F u |Ux^ H1 

v A»>Afc=l k J 

(4.30) + || M 1+6 P M ^IU^J + \\V 2 u\\l T li- 
(4.31) 

E E ii^ 1+5o+5 (^( S ),o)iiij fe « < (iist»,«n £ xHx + » + ii/x 1+6 P^P u |u^ iS ) 2 

^>Afc=l 
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Proof. We first write = —ij[P fl ,ng]V 2 u — Y l diFun + R^, where 

Rfj, := n (-P^F V - fa, Y m ]d m v - nn 0a V a W l + e (mn)F a * + nTrke W l ) . 
Let us set 

^>Afc=l " n>Ak=l 

It suffices to show that 

(4.32) Xf <\\V 2 u\\l T lI, 

(4.33) ll < \\Wu,v\\ L?m+b T + \\f/ +b P^F u \\ LnLi + \\^ 1+b P^F v \\ L]llLl . 
(4.34) 

E EllM 1+5o+5 V^( S )|||j fci , < (\\duA\ L )m+» + \\v 1+b P,dF u \\ L]llL y 

fi>Ak=l 



By (J4T23J), we have ||V(ng)|| L i ^ < /i~ 8£ °. We can apply Corollary HU31 to obtain 

I k an 

\\H l+6+So [P l >M$ 2 »\\Li Li<V S+5 °\\V(ng)\\ L] i-H^ulU-^ 

<^ +5o _ 8eo|| ^ 2u|| ^^_ 

Recall also that k m < /i 8e ° . We can obtain 

fc=l * 
Since < <5 < <5i and 6 := 6 + S x < 4e , we have X x < A 2 ( fc - 4e °) || V 2 u|| Lri 2 < 
||V 2 u|| 2 ; oo L 2 which gives (|4T32]) . 

Next we prove (|4.33p . Since < S < S±, we observe that for any function 
there holds 

E E iiMVuij ^ E H^Ml*^ ^ / E ii/^ViUs 

/x>Afe=l /i>A V 1 fi>A 

(4-35) < Qf U^Mjjzj) . 

(|4.34|) and (|4.31|) can be derived immediately by using (|4.35j) and (|3.25[) . 
In view of (|P5jt . it suffices to estimate J 7 ||M 1+6 ^l|i 2 i|- From (|10-21|> it follows 
that 

ll M i+*[P M) y™ ]M ^ < ||vy|| iS o||v«|| ff6 + ||v 2 y|| H i +6 ||v w || i2 

In view of $£2fy . (ET25|) and ([3~5T| we have 

ll^eolnnF^H^ij < ||e (lnn)||i,=» (|| VY, Vn|| L » ||0tt, w|| fl » 

+||v 2 r, v 2 n|| ffi+i) ||a u ,«|| L 2 + U/Z+^fj^j 
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Recall that ||Vn,TrA:||L~Loc < C, we can derive that 

y 1+b (\Trke (U»)\ + iVinD*^!)!!,.^ < || Vn, Trk\\ L ~ ||A b V(V M , v)\\ Ll 

<\\A b V(Vu,v)\\ Ll 

Combining the above three estimates we thus obtain (|4.33l) . □ 
4.2.2. Estimate for S„(ifc_ 1 ) and C 'u(tfe-i) . 

Lemma 4.7. For any <5 > satisfying a := 4eo + <5o + <5<s — 2 i/iere ZioZds 

E Em 25 ^-!) 2 < E/^p4 1} (*) 

A1 >Afc=l /j>A * G/ 

+ sup(||V U ,«||2 r , +Q + || A1 i+ Q P^ u ||2 2i2 



Proof. Since < /^ 8e °, we have from the expression of B^{t) that 

A»>A fe=l 



< ^sup(^+^(i)) 2 < Y,» 2{1+a) sM\{PMtldtP»u{t)% 



H>A teI M >A tEl 



According to the definition of Sj?\t) :— £^ (u(t), v(t)) and the equation for dtP^u 
we obtain 

E E^^t^-O 2 < E M 2Q sup£W(i) + E supll/i^^WHii. 

^>Afc=l fi>A teI n>A teI 

With the help of (|10.22|) we have 

\\» 1+a Fu4k<»- 1 T,\\ xi+aF v^\\h 

A 

^^(liv^^ii 2 , +||aI+-p a f u ||| l2 ). 

Plugging this into the above inequality and summing over fi > A gives the desired 
estimate. □ 

Lemma 4.8. For any 5% > 5 > satisfying b := 8q + <5i < 4eo £/iere /ioW 

E E {» 5 C„{tk-i)f < \\d m u,v\\l rH «.„+» +supE ||M 1+4eo+b ^^lli- 

p>Afc=l ItJ p>l 

Proof. Since 

E (/c^t*-!)) 2 < sup ii^ 4£o+5o+5+i f C /, win- 



fc=l 

with < 5 < Si, we have 



E E (M^fe-i)) 2 < sup ||M 4eo+5o+5l+1 ^(*)ll| iS . 

^>Afe=l * 

In view of (|10.22[) , we complete the proof of Lemma I4.8I □ 
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In view of (|4.29[) . Lemma l4~6l Lemma T4.81 Lemma T4. 71 and writing 

E \\^p,d mU \\i^ = e E \\» 5 P»d m u\\l %L ^ 

/i>A /j>Afc=l 

we can obtain the following result. 

Proposition 4.9. For any q > 2 sufficiently close to 2 and any 5 > sufficiently 
small such that a := 4eo + o~o + S < s — 2, where S := (5 — ~ 8e ). TTien /or 
any pair (u, v) satisfying US. 18\) there holds 

E u^MiifL- 

< t 1 -! (||M 2+Q ^ll!j ;2i2 + iiM 1+Q p,^ii!j i2L2 + iiM^^v^lli-,^) 

\ 1 jj. x 1 fi x i f* sb y 

+ T 1 -! (supf^^^W + E^supf^W ) ■ 

Now we are ready to derive the estimates on the spacial derivative part in Propo- 
sition l4~5l Recall that (u, v) := (g, —2k) satisfies (|1.13j) . Recall also that Proposition 
13.81 implies 

E sup M 2a 4 1} W < £ (1+a) (u,v)(0) + U 2+a P,F u \\ L]llLl + W^P^FAl^li- 

In view of £( 1+Q ) (u, v)(t) < £( 1+Q ) (u, v)(0), we thus obtain from Proposition 14.91 
that 

E ||M^mu||| ?igo < T 1 -! (\\^ +a P,F u \\l lillLl + U 1+a P»F v \\ 2 L]llLl 

+ \\^ +a P^F u \\l TllLl +£^(u,v)(0)) . 

With the help of (|3~3T|) . (|3~32|) . ([3~33]) and the bootstrap assumption (jBAljl . it 
follows that \\(ii +a P fl \7F u \\ LTl 2 L 2 < 1 and 

U 1+a P»F u \\ L]llLl + H/x^P^Hii^ij < \\Vg,k,VY,Vn\\ L]L ^ +1 < 1. 
Therefore 

Hd m g|| 2 L?L ~ + E ll/-Pp^»ffllifi- < CT x -\ . 

I X 1 " I X 

fi>A 

For a solution <fi of the equation O s <fi = 0, we recall that (u, v) = ((f), eo<fi) 
satisfies (|3.43j) with W = 0. Thus, in view of (|3.44j) and F u = 0, we may use the 
same argument as above to conclude that 

HcWIlW + E < CT 1 "! ||V0, eo0HH>+.(o)- 

M>A 
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4.2.3. Estimate for P^d t u. From f|4T27|) it follows that 

P„d t u(t) = PpF m {t) + P^dtW^tk-x) (P„u(tfc_i),$iXt fc _i) - F^(t fc _i)) 
(4.36) +/ P AI {a t Ty(i,s)(0,-i 1 , M ( S )) + 9^(t, S )( J F 1 [/ M(s),0)}d S . 

We can use the same argument for dealing with P^d rn u to estimate the terms on 
the right hand side except the first term P^Fi/f^t). 

Lemma 4.10. For sufficiently small 5 > there holds 

E ll/ZP^Hi^ < E ll/^lli'L- +T[[V a «,Vt;||la. H , 

Proof. From (|10.28p we can find < 77 < 1/2 such that 
/||[P P , Y m ]d m u\\ L ~ + / II [P„, n ] v || i? 

</*-" (||VF,Vn|U-||V 2 «,Vw|| ir « + \\Vu,v\\ H i\\V 2 Y, V 2 n||^ + i) . 
This together with (I4.24[) implies that 
E ll/^VMifL- £ E ll/Wlifi- +T||Vy,Vn||l ris =||V a «,Vt;||i rH4 

+ T\\Vu,v\\ 2 LrH1 \\V 2 Y,V 2 n\\l THi+ s- 
In view of Proposition 13. 1[ we therefore obtain the desired estimate. □ 

By using (|4.36p . Lemma T4. 101 and Proposition 13. 71 for the solution (f> of D g = 0, 

in view of F u = we derive that 

\\dt<l>\\% L ~ + E < CT ^~ q l|V0,eo^||W(o)- 

M>A 

Next we consider (it, w) = (5, — 2fc) which satisfies (|1.13|) . Recall that F u = Vy • g 
in (|1.13[) . we have 

Hm^fjI^ < ||/[P„,$]vy|| L?L . + H^vriL^ . 

By using (|10.27l) we have with < 77 < 1/2 that 

ll//[p M , 5 ]vy|| L » <A*-"||vy||L-||v 2 ff|| H .. 

Therefore 

E II^^H W ~ T (l^ 2y Hx r ^ + Hv 2 5, Vfc||^ 3 ) 



From this, |@36), and (GZ3), we conclude that J2^>A ll/ P M 5 *ff IIW 

1 2 7 



< 
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4.3. Boundedness Theorem => Decay estimates. In this subsection we give 
the proof of Theorem H2] under the rescaled coordinates. A time interval / = [0, T] 
becomes T = [0, AT] after rescaling. Let r* denote a number such that f* < < AT 
and let to be certain number satisfying 1 w to < . We may take a sequence of balls 
{Bj} of radius 1/2 such that their union covers E to and any ball in this collection 
intersect at most 10 other balls. Let {xj} be a partition of unity subordinate to 
the cover {Bj}. We may assume that |Vxj|l°° < C\ uniformly in J. By using this 
partition of unity and a standard argument we can reduce the proof of Theorem l4.2l 
by establishing the following dispersive estimate result with initial data supported 
on a ball of radius 1/2. 

Proposition 4.11. There exists a large constant A such that for any A > A and 

any solution ip of 

a s ip = o 

on the time interval [0, t*] with t* < AT, with certain to G [1, C] and any initial 
data ip[to] = (ipi^jdtipito)) supported in the geodesic ball -B1/2 of radius \, there 
is a function d(t) satisfying 

(4.37) H^lliffOr ] ~ ^' ^ 0r 1 > ^ sufficiently close to 2 
such that for all t < t < t„, 

(4.38) ||Pe V(*)IU« < ( " r + d(*)J (M*b]||^ + ll^(*b)IU»)- 

Proof of Theorem \4-2\ To derive Theorem 14.21 we apply the above result to ipi, 

□gV>i = 0,V>r(*o) =Xi-V>(*o) 

with if the solution of (I4.ip with initial data t/>[0] := (ip(0), dtip(0))- It is easy to 
see that ip(t, x) = J2i V'-K*; x )- By summing over /, we derive for to < t < t* 

(4.39) ||Pe ^(t)|U ? < ( - + d(t)) (\ma}\\m + \mo)\\L*). 

V(l + l*-*o|)« / 

Then (f4T3]) follows by applying ([3~46]l to the solution vjj of (J4~T]) 

Mto]\\m + Wto)\\L» < WmWm + ||^(0)|| La . 
For < t < to i h follows immediately from Bernstein inequality and (|3.45[) that 

(4.40) wpeomu? z komhi < wmw*. 

Combining (|Q5jl with (j4~4TJj) implies Theorem [O] □ 

We will prove Proposition 14. 1 ll by establishing boundedness theorem for confor- 
mal energy. For this purpose, we introduce the setup and notation. We denote 
by r + the portion in [0, AT] of the integral curve of T passing through the cen- 
ter of Bi. We define the optical function u to be the solution of eikonal equa- 
tion g a P d a udpu = with u = t on T + . We denote the outgoing null cone ini- 
tiating from r + by C u with < u < AT. Let St >u = C H fl Ej. Let us set 

T^o = u {te[to,r»],o<«<t} 5 't,« and v+ = u {te[o,r»],o<«<t} 5 't,«- We denote the ex- 
terior region on £ t , t > t by Ext t = {0 < u < 3t/4}. By C _1 < n < C, we can 
always choose t 6 [1, 2C] such that Bi C (V^ n S to ). 
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Next we extend the time axis T + : u = t backward by following the integral 
curve of T to t — —AT. Let us denote the extended portion of the integral curve of 
T by r~. Let C u be the outgoing null cone initiating from vertex p(t) G L~ with 
u = t. We also foliate the null hypersurfaces by time foliation, C u = U u <t<T„St t u- 

Let w_ and w be smooth cut-off functions depending only on two variables t,u. 
For t > 0, they are defined as follows 

_ J 1 on0<«<t _ J 1 on < f < \ 

-~\0 aff-|<u<t, m -\Q if f >f ortt<-| " 

We also suppose w and w_ coincide in the region U^ te ^ to ^ T ^_^ <u<0 ySt,u- 

Let us denote by N the outward unit normal of St. u S St. Define 6ab = 
(DaN, e B ) and xab = (D eA L, e B ). We decompose x as xab = Xab + \^X1ab- 

(4.41) f N N = -(f\ogb)e A , t A N B = 0A B e B , Xab = AB - k AB 

Under the rescaled coordinates we recall some useful results in Proposition 13.101 
Proposition 13.111 and those established in [551 Sections 4 and 8] . Under (jBAll) and 
(|BA2|) we have: 

(i) there exists 5* > depending only on B\ and the norm of initial data 
IKflS ^)l|ff 2 xff 1 ( s o) sucn that if T < S* then the outgoing null radius of 
injectivity satisfies i*(p) > T — t(p) for any p G [—AT, AT] x E. 

(ii) Let N + (p) be an outgoing null cone initiating from p G [—AT, AT] x £ 
and contained therein. Then on every M + {p) there holds F?[Vg] < A" 3, 
the curvature flux 1Z together with flux type norm of components of n on 
7V+ (p) satisfies (for definition we refer to [25] and Section [6]) 

(4.42) K + Ni[f] < A" i 

(iii) For < T < 6*, consider C u C [0, AT] x E, with S t , u = C u D S t and 

r(t,u) = \J i i . As a consequence of ()4.42[) and C _1 < n < C the metric 
7t iM on § 2 , obtained by restricting the metric g on S t to i§t,u and then 
pulling it back to S 2 by the exponential map G{t,u, •), verifies with small 
quantity < e < 1/2 that 

|r- 2 7 ^(X,X)- 7s2 (X,X)| <e 7s2 (X,X), VXGTS 2 , 

where 7§2 is the standard metric on § 2 ; there holds (t — u) w r(i, u). There 
hold 



(4.43) 



b 

1 

n 



< 7:, rtrx « 1, u*,„ := \ T^j « 
2 V lTs= I 



|7r,X,yiogb|| L 4 (St ii) + ||r 2(^,x,yiogb)|| i 2 (St u) < A" 



We will constantly employ the following result, where all the constants sup- 
pressed in < are independent of frequency A. 



Lemma 4.12. For any Y,-tangent tensor field F there hold for — t*/2 < u < t 
< ||T|| ffl(St) ||T|| i2(St) , \\F\\ L . (St , u ) + \\r-^F\\ L 2 {St ^ < ||F|| Hl(St 



'S t ,„ 

Proof. This is [13 Proposition 7.5]. □ 
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More results that can be established under (|BA1|) . (|BA2|) and the bounded H 2 
norm of data will be revisited in Section [6] Now we prove a commutator estimate 
for P, the Littlewood Paley projection with frequency 1. This estimate is slightly 
more general than needed. 

Lemma 4.13. For scalar function f and G, with 3 < p < oo, 

\\[P,G]d m f\\ LT + \\[P,G]9mf\\m < llVGfHisllV/IU; 
Proof. We first establish L°° estimates in this lemma. Using (|10.12p . we have 

(4.44) [P, G]d m f = [P, G]{d m f)<i + J2 P {Gf Pi(d m f)) ■ 

£>1 

By Sobolev embedding, with b > 3 sufficiently close to 3, 

(4.45) IIMton/kiHz- < IIV^GK^/^ilUj + IIIP.GKcWO^IUj. 
Using Corollary 110.51 we can obtain for the second term with ^ + ^7 = 5 that 

(4.46) ||[-P,G](d m /)<i|U s < ||VG|| ig ||V/<i|| ir < ||VG|| z5 [[V/|U S . 
Apply (|10.16|) to (G, d m f ) and n = 1 we can obtain 

V[P, G](d m f)<! = J VAfi(a - y)(x - V y J d d G{ry + (1 - T»dr(flU/)<i(y)£fo 

(4.47) - J Ah(x - 2 /)VG(x)(a m /)< 1 (y)d 2/ . 
Then with ir + - = t, 

(4.48) l|V[P,Gp m /)<i|| L j < ||VG|| ig ||5/<i|| ir . 
By (|4.44p . using (I4.48|) and (|4.46|) . Bernstein inequality, 

||[P,G]9 m /|| iS o < ||VG|| L p||a m /|| L 2 + ^||P(G^(a m /))|| L ». 

£>1 

Using Bernstein inequality and finite band property, 

\\p (G ( p e (d m f)) < 53 ^"'II^GIlis ||P^ m /|| iS ' 

< l|VG|| L£ ||9 m /|| L ,53r 1+ f < ||VG||£5||V/|U 3 . 

£ 

Thus the proof of the first part of the lemma is completed. Now we consider H 1 
estimates in this lemma. Let / = V[P, G](<9 m /)<i. Similar to (|4.48p . it follows 
from (|Q7| that 

ll/lli^llvGiLgiK^/)^!!^. 

Now consider J = J^£>i VP (G^Pf(9 m /)), by finite band property, 

ii J ik ;$E^vgii ls iip(cW)II l p' 

£>l 

< II^/IUsIIvgiUp < ||VG|| iS ||v/|U s . 

£>l 

Combining the estimates for / and J, in view of (14.441) . we can complete the proof. 

□ 
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For ease of exposition, let us introduce the first version of conformal energy and 
state its boundedness theorem whose proof occupies the rest of the paper. 

Theorem 4.14 (Boundedness theorem). Let ip be a solution of D s ip = whose 
initial data is supported in Bi C (~Dq Pi S fo ) . In the region T>q , 

(4.49) CM(*):= / {t\\f^\ 2 + \f L ^\ 2 )+u 2 \\7i;\ 2 + (—^— + l)^}d N 

is, ( l - u ) 

there holds for t £ [t ,n], C[i/>](t) < \\4>[to}\\ 2 m + IM*o)||£ a(E ). 

Lemma 4.15. Let q > 2 and < <5 < 1 — - be two numbers. Assuming and 

(4.50) ||tJ7tt,^bgb)|| La[ o, T .]i» < A"*, urift r, < AT, 
for any solution tp of O g ip = 0, there holds 

\\[P,mN m ]d m il>\\ Ls > + \\[zuf,P]nm <d(t)mt ]\\ H i + W(t )\\ Ll ), 

where 

(l + t) s d{t) < (l + t)-f +d(t) 
wii/i 6em<7 a function satisfying G73?p. 

The condition (|4.50j) is incorporated in (|5.9j) in Proposition 15.41 and is proved in 
Section [7J 

Proof. We first claim for t > to there hold 

(4.51) ||VM\0|| £s = < ||n7(x,^logb),fc,V 5 || L ^ + (l + t)- 1 

Indeed, for t > to, on the support of w, i.e. U_ * < u <m St, u , the radius r of St tU 
within the support of vo satisfies r « (1 + t). (|4.51[) follows by using (|4.41|) . (I4.43[) 
and the fact that ||Vto||l~ < (1 +t)~ 1 . 

Let Hij = gtj — NiNj denote the projection tensor on E. Then for any scalar 
function /, we have ^jf = II*. c^/ and 

(4.52) [P, rufAf = -(vj^N^PdJ + PdwNjN^dif) = [P, wN.N^f. 

Applying Lemma 14.131 to (G, /) = {wN l ,tp), (-cuNjN z ,ip), and using Proposition 
13.71 for ip, we have 

||[p,<W|| £ «> + ||[p,G]a 4 /|| ffl < ||vG|| L -(||D^(to)|| LS + \m )hi). 

Now for q > 2, we set d(f) = ||VG||x,»>. We have from (f4~5T]) that 

<*) < (i + tr 1 + \w(x, t iogb), v fl , fciu- = a + r 1 + j (2) w. 

By using (|4.50|) and Holder inequality, we have 

IK (2) (*)II L § ^Al^Tl-i 

Thus, with < £ < 1 - | and d(t) = (1 + t) 5 <P^ (t), we can complete the proof. □ 

Lemma 4.16. (i) Let S t = E t n M + (p), with p E [-XT, XT] x E. For S t tangent 
tensor F , there holds 

(4.53) y-^FW^M < \\rfF\\l- 2 ^\\F\\%\ + \\F\\ L2{St) . 2 < q < oo. 
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(ii) For any S € (0, 1), any q £ (2, oo) and any scalar function f there hold 



sup |/| < rTO^W ( / (\ff\ 2 + r" 2 |/| 2 ) 



1 5q 

2 2q + 6{q-2) 



4^ i 



)2, + i(<!-2) 

Proof. This is QU Theorem 5.2] □ 

Now we are ready to complete the proof of Proposition ^. Ill 
Proof of Proposition \4-H\ We first claim that 

(4.54) HwPVIU-CE.) < ( " - + d(t))mt Q }\\ m + U(to)\\ L 2). 

V(l + l*-*o|)« / 
Since w vanishes outside the region — 1/4 < u < 3i/4, this claim is trivial there. 
Thus we may restrict our consideration to the region — 1/4 < u < 3t/4. In view of 
r ~ t — w, we thus have r k, t for £ > 0. Recall that is constant on each S t , U i 
from Lemma 14.161 (ii) , we can obtain 

sup \wP^\ 2 <r s [ { (\zufPij\ 2 + r' 2 \mP^\ 2 ) ) 

St.u \JSt,u J 

x (^J (\wfPij\ 4 + r- 4 \wPi;\ 
Applying Lemma 14.121 and the finite band property, we then obtain 

sup|n7PV| 2 <r s I J (\P(ruti(j)\ 2 + r- 2 \wP^\ 2 + \[P,mf}i(j\ 2 )\ 

\ ¥ 

{\P(ujfyj)\ 4 + r~ 4 \wP^ + \[P,tx1jW) 

<r 6 (r 2 cmt) + \\[p^tm\m) 

By letting < <5 < 2(1 — -), (14.541) then follows from Theorem 14.141 and Lemma 

S33 

In order to derive the estimate on P(eo(ip)), we can write ||P (eoVO — 
||P(n7eo^)||_L°o + 1| P ((tn — zu)eoip) ||l°° ■ By Bernstein inequality and Theorem 14. 14[ 
we have 

\\P{(w-w)e il))\\ L ~ < \\{m-m)e^\\ Ll < (1 + t) _1 CM ' (t) 
^(l + trHll^NlkM^ + IIWIU^E)) 

and 

HP^eo^lU- < ||P(tJ7L^)|| L - + ||P(tJ7^)|| L? < \\wLi/>\\ Li + \\P{wN^)\\ L ^. 
From Theorem 14. 141 we have 

w^m Ll < a + ty'cmHt) < a + trHMMimv) + iiv^o)Hl|). 
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Moreover 

(4.55) \\P(wNil))\\ L ~ < \\[P,wN l ]dii>\\ L ~ + \\voN l Pd^\\ L ^. 

The first term in (|4.55[) can be estimated by Lemma 14.151 By using (|4.54l) , the 
second term in f|4. 55[) can be estimated as 

\\wN l PdnP(t)\\L~ < WruPmh? < ((!+*)"« +d(t)) (||#o]|| Hl + \m )hl), 

where P denotes a Littlewood Paley projection with frequency 1 associated to a 
different symbol. Putting the above estimates together completes the proof. □ 

5. Boundedness theorem for Conformal energy 

In this section we will present the proof of Theorem 14.141 We will work under 
the rescaled coordinates. Let M* = [0,r*] x E, where t* < XT, where A > A and A 
is a sufficiently large number. 

Recall the definition of the optical function u. We will set u :— 2t — u and 
introduce the Morawetz vector field K := ^n(u 2 L_ + u 2 i). Associated to K we 
introduce the modified energy density 

Q(K,T) = Q[ip](K, T) = Q[ip](K, T) +2tipTip - V> 2 T(i), 

and the total conformal energy 

Q[m)= [ QW(K,T). 

•/St 

Definition 5.1. We define C[F] for a scalar function F with suppF C T>q , by 

C[F}{t)=C[F]^{t)+C[F} ie \t) 

where to < t < t*, and 

C[F]^(t) = jf (e - w) (t 2 \DF\ 2 +(l+ ^55) l*f ) 

C[F]^(t)= [ w{u 2 \D L F\ 2 + u 2 \D L F\ 2 +u 2 \17F\ 2 + \F\ 2 )d^ g . 

From the definition it is easy to see that Qty](t) < C[ip](t) and C[ip](t) < C[ip](t). 
We will prove the following results. 

Theorem 5.2 (Comparison Theorem). T > can be chosen appropriately small 
but depending on universal constants, such that for any function if) supported in T>q 
and any 1 < t < t* there holds 

c[m)~Q[m)- 

Theorem 5.3 (Boundedness theorem). There exists a large universal number A 
and a small universal number T > such that for any A > A, < AT and any 
function ip satisfying the geometric wave equation 

(5.1) Dg^ = -4=d a (g af} vUffyVO =0 in [0, x M 3 

vlgl 

with initial data tp[to] supported on the ball Bin(fS) there holds 

Q[m)<QMto) vt <t<n. 
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5.0.1. Canonical null pair L,L. Recall that in (13.56)) we have introduced along the 
null hypersurface C u the canonical null frame {L, L, e\, e2j-, where {ei,e2} is an 
orthonormal frame on St. u - Let e 3 = L = T — N and e 4 = L = T + N. Then from 
(j336]) it follows that 



D s it = 2b~ 



D 3 u = 2(n~ 



D 4 u = 2n 



Bail = 0. 



Associated to this canonical null frame, we define on each null cone St v the Ricci 
coefficients 



Xab = (D^e^ e B ), 
1 



X AB = (D A e3,e B ) 



Ca 



(0364,6,4), 

;D 3 e 3 ,eA}. 



■(D 4 e 3 ,eA) 



It is well-known ( 



±AB 



61 = kAN - Ca + ^a log 
and the frame equations 

D 4 e 4 = -(k NN + 7r Ar)e 4 , 
D^e3 = X AB e B + k ANZ3, 
D 3 e 4 = 2( A eA + (kNN - kon)^, 
D 4 e^ = rf 4 eA + C A e 4, 



) that there hold the identities 

= -XAB - 2k AB , ( A = -kAN + ^A log 71, 

(a = y^logb + k A N- 



Let 
(5.2) 



z = trx — 



n(t — u) ' 



D yl e 4 = XABeB - kAN^A, 
D 4 e 3 = 2>C A e A + {kNN + 7rojv)e 3 , 
D 3 e 3 = 2£ A e A - (kNN - 7T0Ar)e 3 , 
D 3 e^ = ^ 3 e A + C^e 3 + 6te 4 . 



n 



t — u 



We rely on the following result to prove the boundedness theorem. (|5.5|l - (|5.9|l 
will be proved in Sections [6] and [3 and (IQt is (|4~43|) . ([574)) consists of (|BA2p 
and the L^L^ estimates on eon, Vn, "S7Y that can be derived immediately by using 
(|BA2[) . (|2.4j) and f|2.25j) . under the rescaled coordinates. 

Proposition 5.4. Under the bootstrap assumptions WA1\) , fBAty) and HBA3\) , on 



V+ C [0,T„] 


x £ f/iere hold the estimates 


(5.3) 


(t — u)trx ~ 1 


(5.4) 




(5.5) 


M\l*lz> + M^s^ + ut-uy 1 / 2 


(5.6) 


\\zX\\LHS t , u ) + \\r- 1/2 (z,Ck)\\ L2iSt , u) 


(5.7) 


\\4l*l~<x-v 2 , 


(5.8) 


\\r^fz,r^Lz\\ LrL ^ LZ <X-^ 


(5.9) 


M,C\\itL?<*- 1/2 , 



where p > 2 is such that 0<1 — 2/p < s — 2. 



46 QIAN WANG 

Let ( k 'tt denote the deformation tensor of K and let ^ k 'tt :— ( k 'tt — 4ig. Then 
we have 

^^34 = — 4u?i(b~ 1 — -nT 1 ) + nu 2 (k NN — tt qn — D 3 logn) 

+ nu 2 (k NN + 7roAr - D 4 logn), 
^7f44 = -2u 2 n{V L logn + k NN + tt on ), 

{K) TT 4A = u2n (C A ~ k AN ~ tA fog"), 

^*33 = -8wn(n _1 - b _1 ) - 2nu 2 (k NN - ir QN + D 3 logn), 
{K) TT3A = nu 2 (( A + k A N - i? A log") + nu 2 £ A , 
^ttab — —2nu 2 k,AB ~ nu 2 trkdAB + 4£n(t — u)\ab 

+ 2tn(t - u) (ti X - ,, 2 J Sab- 
V n{t-u)J 

For simplicity of presentation, we will dropped the superscript K in Wtt. In view 
of (|5.2|) . as an immediate consequence of Proposition l5.4[ we have 

Proposition 5.5. Under the conditions in Proposition ] 5. 4\ we have on [0,r*] x £ 



"44 1| L?L~ + II (UU) 71-34 || L?L~ + II" ^sHl^L- 
+ ||li~ 2 7f4A||i|l,« + ||w" 2 7f3A||L2 L oo + ||m~ 2 TTabWl^L^ ^ 

Now we are ready to give the proof of Theorem 15.31 and Theorem 15.2 



5.1. Proof of Theorem 15.31 By calculating dtQ[ip] and integrating over the in- 
terval [to , t] , we have 

Q[m) = Qw\{h)-\ji+ji 

where 

Ji = [ Q afi W\ (K) K a p, J 2 = [ i> 2 a s t. 

J[i ,f]xS J[t ,i]xS 



It is easy to see that 

•/[t ,i]xE 



(^Tt 33 (Ll/j) 2 + ^TT 44 {LlP) 2 + ^TT 34 \f^\ 2 - TT 4A LlPf A lP 



-Tr 3A L^t A ip + n A Bf A 4>fBip + tnf ~ l^^l 2 

Observe that 

2 

tnf = c^ttab = 4in(t - w)(trx 7 r) - 2n 2 ntrfc. 

n(t — n) 

It is easy to derive from (j5.4[) that 

/ |u 2 ntrfeL^L^| < supC[^](t). 
J[t ,t]xS t 

Thus, by letting 

B= f 2t'n(t' - u) (tvx - * s ) LtPLrJj, 
7[t ,t]xs V n{t'-u)J 
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we have from Proposition 15.51 that 

(5.10) \J X -B\ <T3 S u P e[V>](i). 

t 

Since n g i = — eo(n _1 ) + n _1 Tr/c, we can conclude from (15.41) that 

|J 2 | <T* sup C[i/>](t) 
t 

In the following we will show that 

(5.11) \B\ <Ti sup C[i/j](t) 

t 

We can write B = B % + B e , where 

B e = [ 2t'n(t' - u) { trx tt- r ) L^L^m, 

J[t ,t]x-E \ n{t'-u)J 

B i = [ 2t'n(t' - u) (tr X j-r A LipL&fw - vu). 

J[t ,t]xS V n{t'-u)J 

In view of (|5.7[) . we have 

(5.12) B l <T3supC[V>](t). 

t 

We still need to estimate B e . With the help of [T^l p. 1162] and the integration by 
part we have 

X -B e = -h +h + h- h, 

where 

Ii = I zunt ' {t 1 — u)z(LLip)ip, 

i[i ,t]xS 

h = I (-L(zunt'(t' - u)z) + (tr0 + Nlogn - Trfc - div Y") wnt'(t' - u)z)Lipi/), 

J[t ,t]x'E 

I3 = zunt 1 ' (t' — u)zLipi[>, 

I4, = I zunt' (t' — u)zLijjip. 

Recall that in the exterior region {0 < u < 3t'/4} we have r(t',u) w t' . Thus 
with the help of the Sobolev inequality (|4.53[) on Sf u , for any function ip there 
holds 

(5.13) f l|t'^ 2/ VllL(s t , )d«<C[^](0, 2<q<^- 

JQ<u<W/A 

Therefore, by using (|5.6|) and (|5.13p . for the boundary term I3 and I4 we have the 
estimate 

1^3 1 + \h\ < \\tL^\\ LrLl \\rh\\ LrLlLi sup \\rh\\ LHSt u) <T^ sup C[i>}(t)- 

t,0<u<& t 
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Now we consider Z 2 . We write Z 2 = 1% + ^2 > where 
I2 = / L(wnt' \t' — u) z) Lijjip , 

J[t ,t]xS 

Z 2 (2) = / (tr0 + N log n - Trfc - div Y)wnt'{t' - u)zLipip. 

«/[to,t]x£ 

In view of (|5.3[) , (|5.4|l and (|5.7p in Proposition l5.4[ by Holder inequality we have 

l4 2) l ;$ (^lk,vy,z|| i?L „ +T,*)||z|| L?i „supCMW <risu P CM(t). 

Observe that 

(5.14) <r -1 , Lt = n~ 1 , Lu = 2b -1 . 

Let p > 2 be close to 2 such that < 1 - 2/p < s - 2 and let 1/p + 1/g = 1/2. 
Then it follows from ff5T8]) that 

\4 1} \1S (\\(\(t'-n)Lw\+l}z\\ LlLr +r,\\Ln\\ L 2 L ^\\z\\ L 2 LT ) ||t'LV|U r£ ||]V|L ri | 
+ ||t'«roL«|| i i iff . i psup f / ||t' 1_ «Vlli«(S t , „)du ] \\t' Lip\\ LrL 2 



In view of ([BTT3]) . ([5^4]) . ([S7f]l and (|5~8| . we obtain 

|Z«|<Ts sup C[^] (f) 



Finally we will use (|5.ip to estimate Zj.. We first rewrite (15.11) as 

(5.15) DgV - -££V> + H + Ka^a^J - \^XM> - (^trx + 

Then 1\ can be written as 1\ = In + I12 + Z13, where 



In = / wnt' {t' — ujz^iptp 

Z[to,t]xS 

Z12 = — — / vjnt 1 (t 1 — u)ztrx'4>L.' l P 

2 -/[ to ,i]xE 
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(5.16) 

In view of (|5 . 16[) we have 



wnt'(t' - u)z \2Uf A ^ ~ { xtrx + 1/) ity) 

'[t ,t]xE V \ l J J 

Recall that for any vector field X tangent to St :U there holds 
/ FdWX = - [ {f + (( + Q}F-X. 



Z11 = - / f(wnt'(t' - u)zip)fip + (C + C)wnt'(t' - u)z^ ■ 

•/[t ,t]x£ 

Now we introduce the following types of terms: 

/ b~ 1 -n~ 1 \ 
En = nt'(t' - u) U, z, (f _^ j ■ (ZV, ■ z, 

Er 2 = nzt'Lip, Er 3 = ni'(t' - u)^z • fijj, 

Er 4 = ni'z((i' - u)ftp, ip), Er 5 = rat'(t' - u)( -ftp-z. 
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Then, symbolically we can write In and J13 as 



\hi\ + \l 



13 



/ n7(Eri + Er 2 + Er 3 + Er 5 )^ + / tuEr 4 • ftp 

J[t(l,(]xS Jftn.tlxS 



[t ,t]xS 



By using (|5.4[) . (|5.7p . (I5.5|) and Holder inequality, we can derive 



[t ,t]x£ 



jroEri • 



< 



n(t' — u) 



sup C[ip](t) 



< TswpC[ip](t) 
t 



and 



|G7Er 2 V'| + |roEr 4 y-0| 



[t ,t]xs 

< Bu P {||*(|iv| + |^|)IU|(||VIU| + II^IL|)} 

<T* sup C[^](t). 

By using (pT5j) and (j57LU)) with < 1 - 2/p < s - 2 and l/q+ 1/p = \, we have 
/ |roEr 3 • ^ 

J ftn.il XS 



< supHtf^zllii^ij sup \ C[i)](l/)* 



<T* sup C[^](i). 



0<M< i 



II*' ? V'lli«(s t , jd« 



With the help of ([STfjl . (|5U3| with q = 4 and (f5~6|) . we obtain 
(5.17) 



[*o,t]xS 
t 



|-n7Er 5 V'| 



< 



jf supllrituz-ClUi - sup J ||nN>IL| (/ <3t/ lk'Vlli4 (St , jdu 



(5.18) 
(5.19) 
(5.20) 



< Hr»ClUri;-£tl|2|Uji-BupC^](t) <TsapC[i>](t). 

-L(zunt'(t' - u)ztrx)ip 2 



hi = - 



t t 
Now we consider J12 by integration by part. 
1 

./[to,t]x£ 

(tr0 + N log n - Trfc - div Y) wnt' {t' - u)ztrx ip 2 
1 



[t ,*]xE 



1 



H — / njrit (t — u)ztrx?/; / zunt (t — u)ztr%'0 
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Using f|573]t . flm} and d5TTJ) , the terms in (|5.19p is bounded by 

t'mjj 2 



[to,t]xS 



H7(Z + 7T + VF + — ~)Z 

n(t — u) 



< T5 supC[^](f). 
t 

For the terms in (I5.20j) . using (|5.3p . (|5.6p and f|5 . 13[) with q = 4, they can be 
bounded by 

sup||z|| i2(Si „) / P'IVflU 2 (s t , u ) < T* supCM(t). 
It remains only to consider the terms in (|5 . 18[) . We have 
L(wnt'(t' - u)ztvx)^ 2 

[t ,t]xs 

< | / {Lwnt'(t' - u)txx + wntvxUt' (t' - u)) 

J[t ,t]xT, 

(5.21) + wtrxLnt'Ct' - u) + vjL{—^ -)nt' it' - u)}zti) 2 \ 

n(t' — u) 

(5.22) + f \wLznt\t 1 -it)|(|trx| + \z\)^ 2 . 

Since r « (t — u) and t(|trx| + \z\) w 1 on Ext t , with i + i = 1 and p is slightly 
greater than 2, also using Holder inequality, we obtain 

(E221)< ||n7r 1 -fLz|| ili0 o i PSup(/ ||rf |VflU*(S t ' 

■\_2 J ^ — 1 — 

< \\wr p Lz\\ L i L ^ L PSup{ \\r n ip\\L*i{S t , J\\r 92 ^IIl^s,, jdu) 

t' J0<u<3|- 

where i + i = ~ . Using (j5TT^l) and we obtain 

m> < r* su P c[^](t'). 

t' 

To estimate (|5.2ip . in view of (|5.14p and 

(5 23) £( 1 )= " b ~ 1 ^- lo & n n^-h" 1 ) 

— n(t — u) n 2 (t — u) 2 n{t — u) n 2 (t — u) 2 

using (|5.7p . (15.41) and (I5.5p . we have 



liUDI < [[^ 2 |W + ||£n, " f ■ lUjLgllzlU'zgr, sup / H^IIlh^) 

n\i — u) t j <„<^t 

<Ti supC[V#). 
t 

The proof is therefore complete. 
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5.2. Proof of Comparison theorem. We will adapt the argument in [12] to 
prove Theorem l5.2l For simplicity, we use to denote any term from the collection 

2 b-- 1 -™- 1 ~ 

trx 77 r> I™, — : > k NN 

n(t — u) t — u 

According to (I5.6[) and (|5.5p in Proposition 15 .41 we have 

(5-24) \\r-?Q\\ LHSt u) <\-k 

By following the argument in [121 Section 6] we can derive 



(t-u) 



ip 2 {t-u)Q 



By using (|5.24l) and the inequality, which can be derived in view of (|4.53l) . 

\M\iiLi < |WIU» + llr^-^IU; < Cim), 

" w x t — u 



we can obtain 
i 2 



©V>" < ||r*e||L-L£||r*^ 2 |Ui^ ^ \—*T?\\t 2 ip 2 \\ L i L 2 <T*C[V>](f). 



Similarly we have 

^ 2 (i- u )6< \-^rl\\r 2 ^ 2 \\ LiLl <T*Cmt). 

Therefore, there is a universal constant Co > such that 

C[i/j](t) < CoQMt) + C T*C[i>](t). 
This implies the desired conclusion by taking T to be small universal constant. 

6. Estimates for Ricci coefficients 

In Sections [6] and [Jj we will complete the proof of Proposition 15.41 We will 
consider only the case A = 1 since the general case can be obtained by a simple 
rescaling. Thus, we will work on the spacetime [0, T] x S. 

Consider an outgoing null cone C u in [0, T] x X initiating from a point p on T + 
with u = t{p). Let V + be the domain enclosed by C u and Et and let S^ u := C u nX 4 . 
For simplicity, we will supress u and write St '■= St. u - Instead of the canonical null 
pair {L,L}, we will work under a new pair of null vector fields {L',L ; } which is 
defined as follows. The null vectors l' u in T p M parametrized with uj € S 2 are 
normalized by g(7^,T p ) = —1. We denote by T bJ {s) the outgoing null geodesic 
from p with r u (0) = p and ^r w (0) = l' u and define the null vector field L' by 

i'(r u («)) = -f r^*). 

as 

Then D^/L' = 0. The affine parameter s of null geodesic is chosen such that 
s(p) = and L'(s) — 1. We will assume that the exponential map <? t : w — > T u (s(t)) 
is a global diffcomorphism from § 2 to S t for any i e (u, T]. Along C„ we introduce 



52 



QIAN WANG 



the null lapse function a 1 = — g(L', T). Then a > on C u with a(p) = 1. 
Moreover, along any null geodesic there holds 

(6.1) ^ = rr x a-\ t( P )=0. 

as 

We can define a conjugate null vector 27 on C u with g(L' ,L/_) = —2 and such that 
L' is orthogonal to the leafs St- Let TV be the outward unit normal of St in S t . 
Then in terms of L' , L' and a we have 

(6.2) L' = a- 1 (T + N), iJ = a(T — N). 

Relative to the canonical null frame L,L, we recall the null components of the 
Riemannian curvature tensor R as follows 

olab = R(i, e A , L, cb), Pa = ^R{eA, L,L, L), 

(6.3) p=^R{L,L,L,L), a = i*R(i, L,L, L), 

§_ A = ^(eA,L,L,L), QLab = R{L,e A ,L,e B )- 

and a', /?', p 1 , a 1 , /?', a' can be similarly defined with L,L replaced by L',L/. We 
define 

K(C u f= ( (H 2 + |/3| 2 + |£| 2 + |p| 2 + H 2 ). 
ic„ 

It follows from Proposition 13.101 and the standard flux type estimate by using the 
Bel-Robinson tensor and Einstein vacuum equation, 

(6-4) \\\V L k,tk\ g \\ L 2 (Cu) +K(C u ) <C. 

Let us denote by k the traceless part of k, k = k — |Trfc • g. We decompose k on 
each St by introducing components 

(6.5) VAB=kAB, £A = k A N, (> = k NN 

where (ca)a=i.2 is an orthonormal frame on St- Let t)ab be the traceless part 
of rj. Since S ab t]ab = —8, we have tjab — Vab + \8ab8- The Ricci coefficients 
x\ x'i C'j C > £'j A*' an d nu H components of curvature associated with the null frame 
{e\, e 2 , L' , L'} are related to their counterparts associated with {ei,e2,L,L} as 
follows: 

b = an p , f log b = f log a, \' = a _1 x, x' = ax, C' = C> 

C' = C, £' = « 2 C, -V = M : = D 3trx - ^(trx) 2 - (fcAfjv + VArlogn)trx, 

o! = a- 2 a, = a" 1 /?, p' = p, a' = a, ft = a§_ 

In the following we will consider the Ricci coefficients relative to the null frame 
{ei, e2, L' , L }, and we will drop the prime for convenience. We will also fix the 
following conventions: 

• f denotes the collection of 77, e, 8, Vat log n, ^logn, Trfc, 

• 7r denotes the collection of f, \7g, 

• l := trx — -, V := tr% — k := trx — (an) cmtrx, 

• A denotes the collection of \, C C ^ = — |f = "oat + 5 + -5p, 

• A denotes the collection of A and x > ^ log a, 
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• The pair of quantities (M,VqM) denotes either (ytr%, ^x), or (/z, yC)> 

• i?o denotes the collection of a, j3, p, a, /3, 

• R denotes the collection of Ro , trxA, A ■ A, 
. S:=S t , 7:=r- 2 7) 7 (0) :=r 2 7§2 . 

We define the norm of A/i [•] on null cone C u for 5 tangent tensor fields F by 

(6.6) Ni[F] = Hr-^Hi^c) + \\fF\\ L 2 (Cu) + \\f L F\\ LHCu y 

We first recall the following results that hold under the bounded H 2 data condition. 
The proofs can be found in can be found in [251 26] and rely on the bounded flux 
El and (I2~2l-(l2~4l). 



Theorem 6.1. There exists a universal constant C\ > 1 such that on C u there 
holds 



3.7) Co := K{C U ) +M[tf + \\r-*Dn\\ L ; 



(s t ) + \\Dn\W{s t 



\Dn\ 



LjL° 



<c x . 



Moreover, let TZq :— 1Z(C U ) + Afi[f], there exists a universal constant 5q > such 
that if T — u < Sq then on C u there hold 



(6.8) 
(6.9) 

(6.10) 



2 

trx 

s 



< V 2 



la -II < 



1 

2' 

< 7? 2 



(lxl 2 + ICI 2 + IH 2 + ICI 2 Wt 

(6.11) \\ftrx\\mc u ) + M\l*{c u ) + 

(6.12) M(x)+M(C)+M +M (frx- (an)- 1 ^^ <7e , 



sup |r 3/2 V*rxl 


+ 


supr 2 




t<i 


i 2 , 


t<i 


i 2 , 



(6.13) 



2 



+ irx — (an) 1 anti~x\ 



L'jL° 



Proposition 6.2. On each St we introduce the ratio of area elements 



(6.14) 



Then there hold 

(6.15) C- 1 < v t /s 2 < C, C- 1 < r/s < C, 

where C is a positive universal constant. 

Finally we recall ([25, 26 ) that for any E-tangent tensor field F there holds the 
trace inequality 



(6.16) 



Ik ~ 2 F\\LHs t . u ) + \\F\\L*{s t , u ) < \\F\\h^), 



and for any — | < u < t and any E-tangent tensor field F, there holds 
(6-17) \\F\\h {St _ u) < (||fc|| i3( i nt(St u)) + 1)11*11*1(3) ll^|| i2( Int(5 t ,„))- 

where Int(St, u ) denotes the domain in E t enclosed by St, u - 
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We recall also the transport Sobolev-type inequality for any St-tangent tensor 
field F, 

(6.18) \\r?F\\ LLLr < \\r-?F\\ L5Lr(Cu ) + \\F\\ LiLri c u ) < Mi[F] 

with 2 < p < 4. Similar to [25l Proposition 8.1] and also using f|6 . 16[) . we have for 
any S-tangent tensor field F that 

h^FW^cj < Ws-^FW^s^ + \\H L F\\ L , {Cu) + \\F\\l* { c u ) 
(6-19) < \\F\\ m{1 : T) + \\t L F\\ L 2 {Cu) , 

As a immediate consequence of (|6.18|) . (|6.7p and (|6.12p . on C u there holds for 
F = x, C, 7T that 

(6.20) \\t^F\\ LIjLT <Mi[F]<C, with2<p<4. 

Lemma 6.3. For q > 2, there hold the following Sobolev inequalities on C u : 

(6.21) ||F|| L?L , < (||^||^ ( f Cu) + Wr^F W^fcJWr^FWl^ 

(6.22) \\F\\ LS > < \\rfF\\ Ll + \\F\\ Li 

Lemma 6.4. Let < 1 - - < s - 2. For any £ tangent tensor F there holds 

i 

Indeed, we can check for £ tangent tensor the following symbolic identities, 
V L F, = V L (F t ) + err(F), fF, = f(Fi) + err(F) 
where \eri(F)\ < |g • (Vg, VY, k) ■ F\, which gives 

Hr 1 -! \V L F, UF\ a \\ L , LPACu) < W 1 ^ (f L (Fi), t(F t ))\\L?L p AC.) 

i 

+ {T- u)i ||7r|| L?£ - \\r^pF\\ LrLP{Cu) 
where to derive the last inequality, we employed (|6.16[) . 

Lemma 6.5. Let f be the components of the Ti-tangent tensor fields V 2 n, V(neo(n)), 
and V 2 Y. Then for 2 < q < 4 there holds 

(6-23) llr^f/IU^Kc) < C. 

For the £ tangent tensor ttq = — Vlogn, there holds^ 

(6-24) ||r 1 -t(V£7r ,V7H,)|| z j iS((7ti) < C. 

Proof. We decompose a scalar function / by / = 5^u>i P^f+P<if ■ By the Sobolev 
inequality (|4.53p on St, u we have 

3 We can obtain stronger estimates than 116. 2411 . but this estimate is sufficient for our purpose. 
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Using the finite band property of LP projections and (|6.17j) . we derive that 
\\r l -<Prf\\ L *Ll £ 0^~' + l)ll^/ll^(c„) 

< (/i 1 1 + l)ll^/llL2_H-i([0,T]xS)ll- P A'/llL2 i 2 ( [ 0:T ] xS ) 

< ^{p}~^ + l)||/|| L | H1([0)T]xS) . 

The lower order part P<\f can be treated similarly. Therefore summing over /i > 1, 
we obtain 

ll rl ~'/llL?L2(<7„) < Wf\\Ljm([0,T]xS)- 

The estimate <f6T23|) then follows by using ((231) and (|2~24l) . 

We next prove (|6.24[) . It is straightforward to derive that Vttq — n" 1 V 2 n+7To-7To. 
Then using (|jT25|> and (jo^Bf 

||r 1_ f V7r || z ,2 jL g {C7[i) < ||r 1_ ?V 2 n|| L 2 L j (c . u) + ||7r || L 2 L ^ ||r 5 ~i 7r ||i»ij < 1. 
Note that we have the following symbolic identity 

V„t Vj log n = Vj V„t log n + nfe ■ V log n. 

In view of £ = T + N, and using (|6.23|) . we can derive 

l— — l— — 

II?' ' V L 7ro|| L 2 L , (Cu) < ||r «(V(ne (logn)),V7ro)||i2£«(c„) 

+ IKIU?£~ll^~*w]] iri * (Cu) < 1. 
Hence we complete the proof. □ 

6.1. LP flux type estimates. In this subsection, we will use Proposition 13. 1 II to 
derive LP flux type estimates on \7g, k and null components of curvature Rq = 
(a, j3, p,a, /3). Let 0<1 — |<s — 2. For any 5 t -tangent tensor F along null 
hypersurface C u we define the Sobolev norm 

NiA F \ = \\r~» F\\l*l% + \\r l -HF\\ L * Ll + Hr 1 "! V L F\\ L *u>. 
We denote by 

M, P [t] = M, P [fl +M, P [V 5 ], 

where Vg in the last term denotes the scalar components of Vg relative to arbitrary 
time independent coordinate frame in E. When p = 2, Mi,2[F] = Afi[F]. We have 
from Proposition 13.111 together with Afi[tf] < C in Theorem 16 . 1 1 that 

(6.25) NM(C U )<C. 

We now state the main result of this subsection. 

Proposition 6.6. Let f be the components of k and \7g. Then on C u there hold 

(6-26) \\r X -*{1?Lf,l7f)\\LlLUC u ) <C, 

(6.27) M, P [7r] < C, 

(6-28) \\r l -^{a,p,p,a,p,p)\\ L , Ll{ c u) < C, 

where 0<1 — |<s — 2. 

As the first step, in what follows we build a connection between the dyadic flux 
in Proposition 13.111 and the ones that will be used to derive (|6.26|) . 
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Proposition 6.7. Let f ^ be the classical Littlewood-Paley decomposition on 2- 
dimensional slice St,u on C u . Let T>t = an j^ along each null geodesic r w on C u . 
Then for any < e < 1 and any scalar junction f there hold 

E iim £ Wii^(c„) < E^ 2£ {w\{Cu) + 



H>1 



l>l 



(6.29) +n/] + n/ii 2 ffl(ST ), 

E \\^f,v t j\\i HCu) < E^ 2e (>M(cy + \\Pffm^ 

(6-30) +^[/] + ll/H 2 ffl(ST ). 



Proof. We first prove (|6.29p and (|6.30p by assuming the following inequality, with 
t > 1 being dyadic 



(6.31) \\rttP e f\\ L 2 (Cu) + \\rfV t P e f\\ LHCu) < I [T-\P t f\ + \\Pif\\ H ^ T : 
We decompose / = Yli>i Ptf + P<if- First we have 



1>H 



L 2 (C U 



£>ti 



Summing over fj, > 1, we obtain 



3.32) 



Em 2 

Ai>l 



£>fj. 



< 



E^ £ ii^/n 



£ 2 (C„ 



Now we consider the part Xa<^<u-^/ m the decomposition of /. The term P<if 
can be treated similarly. By the finite band property of f ^ we have 

|[^i%/[U»(c«) < H- l \\rftPefh*(c u y 
In view of (|6.31|) . it follows that 

\\P^Ptf\\L H c u) < prH (T i [P t f\ + \\Pif\\m { ^ 



Hence we have 



l>. 



p»tJ2 p *f 

e<fj, 



L 2 (Cu) - M 



Taking and also combining with (|6.32j) gives (|6.29p . 

To see (|6.30p . we first derive by the basic property of f ^ that 



%v t Y,p*f 



< 



5>(£) 6 pwiu»cc 



£ 2 (C„) 
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For the case i < fi, we obtain by the finite band property of P M and (|6.31|) that 



1<£<M 
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< 

i<i<n 



£ 2 (C U ) 

KK/i 

Taking ^ for /j > 1, we can obtain (j6.30[) . 

We next prove (|6.31|) . Recall that Yl mn = g mn — N m N n and y m = II™ V„'. Note 
that for functions / on C u we have 

ffPtf = t(U^W n P e f) = f(SZ - N m ■ N n )VP e f + rr^vp/ 

= -fN m ■ N n V n pf - N m fN n V n Pf + U^fWPtf. 

Therefore 

\tfPef\-y < tr~ l (\(tv6 + 0) ■ PfU + |n« fPefU) , 

where P denote a classical Littlewood-Paley projection on R 3 induced by a different 
symbol. By the commutation formula [$,T> t ]f = anx • tff for scalar functions /, 
we obtain 

fVtPef = [t, Vt]Pef + VtfPef = an X fP e f + V t fP e f. 
For the last term on the right, we have 

v t fPif = v t {n\ l n w n p t f) = p t (rc)v„p,/ + icp t v„p,/ 

= X> t (<5£ - N m N n )V n P e f + eu^V t P e f. 
Thus, in view of T) L ,N P = a- 1 L / (a)T p - a'^^e^ and V t = anT) L >, we have 

IfPtPfU < ir- 1 (\CPlf\-y + \PtPf\- ( + |(trx + x) ■ PifU) ■ 
With the help of the symbolic identity tr6> = tr% + k and 6 — \ + k, we obtain 
\\rf 2 P e f\\ L 2 (Cu) + \\rtV t Ptf\\ LHCu) 

< I (\\tPefh*(c u ) + \\DtPtf\\ L *{c u ) + II (tr X + X + *WIU*(c„)) 

(6.33) < I [P t f] + Hr- 1 A/|| L 2 (Cu) + \\r-*Pef\\ L * L xcj) 

where we employed the Holder inequality, (I6.20[) and rtr% ss 1. By the Sobolev 
embedding, we deduce that 

||r-*P//|Uj ii( <7 u ) < ll^P/lli^jll^'^/lli^) + ll^/II^C)- 
Applying to P = Pif gives 

(6.34) llr-'^/IU.tc.) < \\f L Pifh H c u ) + WPfWrn^), 
Therefore 

(6.35) ||r-'P*/|U fi 4 (Cu) < P^[P/](C U ) + ||P/||HMs tM ). 

In view of (jOB) . and (|Q5]) . we thus obtain (IOT1) . □ 
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Note that the energy estimate on the Bel-Robinson tensor does not implies the 
L p ,p > 2, type curvature flux in (|6.28|) . As the second step, we now build the 
connection between (|6.27p and (|6.28[) . 

Proposition 6.8. Let err denote the type of error terms taking the form (tt + F) ■ 
jr + trxTT with F = x>y \oga,8. Relative to canonical null frame {ei.e2, L,L}, there 
hold the following results for null components of curvature: 

(a) There exist scalar functions it, S -tangent 2 -tens or fields it ab such that the 
components (3, (3 admit the decompositions 

f3, (3 = rf A 7T n AB + cirl w +err. 

o(l) o(2) 

(b) There exist two S-tangent vector fields ir A and ir A such that 

, o(l) , o(2) 

p = div 7r +err, a = curl n +err. 

(c) There holds the decomposition a = y ' L fj + yyt + err. 

o o(l) o(2) ~ 

where 7T, 7r , and 7r denote the terms formed by the sums of N^(g • V g, /c) M ... and 

<( 5 -v 5 ,fcV.... 

As a key feature required by the proof of (|5.9|) (see Section 17.21) , the higher 
order terms in the decompositions for (3, p and a can only contain yfir. Since time 
derivative of shift has to be excluded in our decompositions, Proposition 16.81 does 
not follow from the approach given in [13| Section 4]. We will derive in Appendix 
I the decompositions in a more invariant fashion. 

Lemma 6.9. Let err be the error term in Proposition \6.8[ Let < 1 — 2/p < s — 2. 
There holds 

\\r ■ err\\ L 2 L P {Cu) < (T-u)* + 1. 

Proof. It follows from (joT2"51) . rtrx « 1 and (jrl2"Tj) that ||rtrx7r|| L 2 L p {Cu) < Afi[n] < 
C. In view of (|6.16|) and (|6.18[) . we can obtain 

f ||rff • vr|| L p < ||7r||i« ||nf \\ L r < (t - u)2||7r||jji( S ) ||7r||i« 
I \\rF-fc\\ LZ <(t-u)*M[i?l||#|k- 

where F = x, ^loga, 0. By integrating in i and using (|BA2p , ||7r||jji(s) < C an d 
(16.201) we can complete the proof. □ 

Proof of Provosition \6.b\ First, applying (|4.53[) to F — f ^ f gives 

tj.>i 

With the help of (|6.29p . we then obtain 

Wr^tfhfLKc^) <^[f](Cu) + J2 e1 ^ {^[Pif]{Cu) + \\Pif\\ H ^ T) )- 

e>i 

On the other hand, applying (|4.53j) to F = f a"Dtf and using (|6.30[) we can obtain 

V-'T> t f\\ LlL . {Cu) < 7%](C M ) + {^[Pif]{C u ) + \\Pif\\m^ T) ) ■ 

£>1 



o!) 



Thus, applying the above two inequalities with / = kij, Vgtj, and using 

W^'P^fhiHh ^ Il/H^ 1+E with 1 - 1 < 6 < s - 2 

and Proposition 13. Ill we have 

This completes the proof of (|6.26p . 

We next prove (|6.27p . Let V„ denote either ^7 A or for 5-tangent tensor, 
and V* be either Vl or tf A for E tangent tensor as in (|3.58l) . We recall from 
(8.14), (8.15)] that with it being £ tangent tensor ttq or k, 

(6.36) = V*tt + tr6> • f+ (§,() ■ f + (any 1 = V*tt + err. 

By using (|6.26p and (16.24p .we have || {r 1 ~? V*7r| s ||j>(c u ) < C, which together with 
(|6.36p implies that, 

\\r l -H4\\LlL*{C u ) < WV 1 ^ V,7r| ff || iP(Cu) + 1 + (T - uf* < C, 

where to derive the last inequality we employed Lemma l6.9l Hence we obtain (|6.27l) . 

In view of the decompositions in Proposition ^. 8[ we have i?o = V(V<?) + 

err. By using (|6.27p and Lemma T6.91 we can obtain (I6.28p . □ 

6.2. LP estimates for Ricci coefficients. We fix a null cone C u contained in 
T> + with t = u at its vertex on T + . By rescaling the space-time coordinate as 
(t, x) — > (^p, 2 ) with d = (T — u), we may restrict our consideration to the time 
interval [0,1]. We denote by H, the null cone C u after change of coordinates. 
Then TL = Uo<t<iSt with St being the intersection of T-L and E t . We also denote 
H t := Ut?e[o,t]Sifot < t < 1. 
We will rely on the quantities 

(6.37) TZ , P :=M,W + IMo|| L?L£(w) 
and 

(6.38) TZ := 11(H) +Afi[f]. 

We will prove an LP version of weakly spherical property on St in Proposition 
16.201 and the following estimates 

Proposition 6.10. Let M denote either /i or ytrx- If T^o,p + TZq is sufficiently 
small, there holds on % 

(6.39) M,pU)+IUIlLfi- + lkU|| L ^ Lr + [|r^M|U, ir + ||rM[[ i?iS < K , P +n . 

We remark the the smallness on TZq + TZo,p can be obtained by requiring T — u 
sufficiently small but depends only on universal constants. 
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Let us record the structure equations for the Ricci coefficients relative to {ei, e2, L[, L'}: 
(6-40) ^ + i(tr X ) 2 = -|x| 2 

(6.41) - r x + trxx = -" 
as 

(6.42) ±C = -X-C + X-C~/3 
as — 

d 3 1 

(6.43) ^^tr X + -trx^tr X = ~X • ^tr X - 2 X • ^ X - (C + C)(lx| 2 + 5 ( tr x) 2 ) 

(6.44) div x = -fti X + ^tr X • C - X • C - P 

(6.45) div ( = -fj, - p + \pc ■ X - |C| 2 + ^ao"tr X - ^aTrfctr X 

(6.46) curl e = er — ~ X A X • 

Let us record the following transport equation for // where ' will be dropped for 
convenience, 

Lfi + tr X /i = 2 X • fC + (C - C) • {t^X + trxO - \^x{x • X - 2p + 2( ■ C) 

(6.47) + 2C • X • C + Qa'trx + + ^Trfc)) | X | 2 - ifl^(tr X ) 2 

Recall the following result on initial data (see [2~4"]). 
Lemma 6.11. There holds 

V,fa,rftrx,r 2 p^0 as t -> 0, lim || X , C, C, f|U°°(S t ) < °c- 

Let us recall the transport lemma (see [13"1 125]). 
Lemma 6.12. for an S tangent tensor field F verifying 

t L F+jtrxF = G-F + H 
with m > 1 certain integer, if lim t _>o r(t) m F — and ||G||£°ol2 < C, i/ien i/iere 

(6.48) \F\<v~^ ( vJ\H\nadt'. 

Jo 

We also need the following useful Sobolev inequality. 

Lemma 6.13. For any q > 2 and any St tangent tensor field F, there holds the 
estimate 

(6.49) ~ (llrTMIIzSi? + W F \\lIl>) \\F\\l~l>- 

Proof. The estimate with q = 2 is proved in |251 Lemma 8.2]; the same argument 
can be used to the result for any q > 2. □ 

We now prove the following result on null cone H, 
Proposition 6.14. For any p > 2 there hold 

(6.50) \\rf L (xX)\\^L^<no, P + n 

(6-51) \\A\\l*lZ + \\^lA\\ L 2 L , < K , P + K 
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Proof. By the Sobolev embedding (|6.21j) we have for p > 2 that 

The second inequality in f|6.51[) will follow from (|6.50|) and (|6.37p . We need only to 
prove (|6.50p . In view of (|6.41l) and (|6.3T[) . we have 

\\rV L xh 2 t LZ ^ WxWlIl? + \\ra\\ L 2 L p < TZ ^ P . 

Let p" be such that - = j + -^7. By using (|6.21[) we have 

(6.52) \\rA-A\ L%hl < \\r*A\\ LrLi \\r* A]]^, < M^)M(rU) < K 
In view of (jQ2"j) . (|532")) , (jOTl) and the first part of (|oT5T|) . we obtain 

IkViCIUfLg < K\\l-li + \H- CIIl?l £ + IICIU?is + IMUjlb £ k , p + Kg. 

The proof is thus complete. □ 
6.2.1. Weakly spherical condition. Let 7 be the induced metric on St, and define 

o o 

the rescaled metric 7 on S't by 7= r 7. Note that 

o o 

(6.53) lim 7ij= 7s 2 i,-> um dfc 7y= dfc7s 2 ; 7 - 
where i,j,k = l,2. Recall that we have proved in [26] that 
(WS1) l|7y W-T&aylU- <flo 

(6-54) 7y (t) - 5fcTS»y||i»£|. < K . 

Now we make the following bootstrap assumption which will be improved at the 
end of this section. 

Assumption 6.15. For the transport local coordinates (t,uj), the following proper- 
ties hold true for all surfaces St of the time foliation on the null cone H: the metric 

o 

7y (t) on each St verifies weakly spherical conditions i.e. 

o 2 
\\d k 7ij (t) - 9 /£ 7 S 2 ii || L P L oo < A with < 1 - - < s - 2, 

where we assume < Ao < \. 

Let be the covariant differentiation relative to ~lf^- We will improve (WS2) 
with the right side replaced by TZq +1Zo, p . By choosing A < 1Zo, p + lZo sufficiently 
small, we can close the bootstrap argument. 

Lemma 6.16. Under the Assumption \6.15[ for 2 < q < p, 

\\fF\\ Ll + llr-^IUj « \\f i0) F\\ L} + Hr-^IUj. 

Proof. It suffices to consider F to be 1-form. Relative to any coordinates on S, 

f^j = ff ] Fj + (TJ - Tf/) ■ Ft. Note that using (IWSTj) and Assumption EH] 

we have ||r- 1_ 3 |r — r'°)| 7 ||£« < A . Also in view of (I6.22[) and Holder inequality, 
we obtain 

IIKr-rWj^iTlUs^p-tir-rW^iUjiirf-^iii- 

(6-55) < AoCII^IUs + Hr^FlU). 
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Note that we can choose < Ao < \ sufficiently small, then for 2 < q < p, 

\\fF\\ Li + Hr-^Hij < \\f {0) F\\ Lg + \\r- l F\\ L% , 
The other direction can be proved in the same way. □ 

We recall from [33] the following result which uses the smallness of 1Z$ given in 
the remark immediately after Proposition 16 . 101 

Proposition 6.17. On null cone H under the condition \6. 38\) and C _1 < n < C 
that for S tangent tensor F , there holds 

(6-56) WtF\\ LHS) + Hr-^IU^s) < \\VF\\ L2{S) . 

By Assumption 16.151 let us prove the following L p estimate for Hodge system. 

Lemma 6.18. Let T> denote either T>\ or T>i and F be S tangent tensor in the 
domain of T>, there holds for 2 < q < p, 

\\tF\\ LHS) + Ur-^IMs) < \\VF\\ LHS) 

Proof. We only give the proof for V — T>2- The proof for the case that T> = V\ 
follows similarly. Relative to orthonormal frame associated to 7^, for S-tangent, 
symmetric, traceless 2-tensor F, let us define Fab — JacJ CL 'Fdb and 2Fab — 
Fab + Fba ■ Then we have 

(6.57) div (0) F= di Vj F+(r-r (0) )F- 7 , Tr (0) (F) = 0. 

Indeed, under the orthonormal frame associated to 7*- -*, 

fch CD F DA ) = t { c\l CD F DA ) + (T - r<°))7 • F 



fc(F CD iD A ) = H { c\f cd 1da ) + (r - r(°))F • 



7- 



By Calderon Zygmund theory on 2-sphere with 7' ) and also using (|6.57[) , we obtain 
y (|y(°)_p|? + | r -i_p|g) < j |X)(o)p|g 

< J (\VF\ q + \{T -T {Q) )F ■ -i\ q ) < J \VF\ q 

where to derive the last inequality, we employed (|6.55l) . Lemma 16.161 and the small- 
ness of Ao. By (|WS1|) and Assumption 16.151 we can show that 

\\t W F\\Ll + Hr-^IUj < \\f (0) F\\ Ll + \\r- l F\\ Ll . 
Therefore, Lemma 16.181 follows by using Lemma 16.161 □ 
Since 

V 2 x = ftr X + R, PiC=(/i,0)+4 
using Lemma 16.181 we can derive that for 2 < q < p 

Wfxhns) + Wr-'xhns) < Wftrxh^s) + \\R\\l^s), 
WfChns) + Wr-Hhn® < + \\R\\lw 

Since using ((B32J, (jo3Tj) and (|OTj) 

II^IU^s < WAWl-lz + WrRoh'LZ + \\rA- A\\ L 2 L , < ll , p + K 2 Ql 



6.3 



f L M + ytrxAf = x-M + H 1 + H 2 + H 3 



then on %t 

(6-58) \\rV M\\ L 2 LZ < \\rM\\ L 2 L , + K , p + TZ . 

Recall that M — tftrx or A 4 - (|6.43P and (I6.47[) can be symbolically recast as 
(6.59) 
where 

Hi =x-T> Q M + F- A, H 2 = A-A-A, and H 3 = r' 1 R, t ■ R, 

with 

(m m-I ( 2 >^ tr x)> if M = M. 

1 ' j ~ \ (3,0), if M = tftrx. 
We now establish the following estimates, which, in view of (|6.22[) and (|6.49[) . 
imply Proposition 16 . 101 

Proposition 6.19. Let M denote either ^trx or fx, there hold 
(6-60) \\riM\\ LlLT + \\rM\\ L , L P < K , p + 1Z , 

(6.61) \\rfC,rfxh-LZ <^, P + ^o- 

Proof. ()6.6ip can be obtained immediately by combining the second estimate in 
()6.60|) with (|6.58[) . we consider the first norm in (|6 . 60|) . By ()6.59|) . Lemma [HT2] and 
I6.11[ integrating along the null geodesic T w initiating from the vertex, we obtain 

3 



\M\<J2 «t " fvjWi 
i—i Jo 



\nadt 



h(t) + h(t) + I 3 (t). 



We have 

(6.62) v}l 3 (t) < v} 



s(l) 



vj 2 \R\ds(t') < 



s(t) 



„m-2 



\Rr\ds(t') 



< 



s(t) 



\Rr\ 2 ds(t') 



where we used s 2 
Thus 

(6.63) 



Vt , r « s in Proposition 16.21 to derive the second inequality. 
< \\rR\\ L lLf <K , P + K . 



sup \vfh(t) 
te(o,i] 



L'' 



We can proceed in a similar fashion for the other two terms, 



3.64) v?h{t)<vl 



>(*) 



vJ\A\ 2 \A\ds(t')< 



s 2 



'(*) 



s m |A| 2 L4|ds(i') 



< IIAI 



-3/2 



JJUr 



then 
(6.65) 



sup |i> t *I 2 (f)| 

0<t<l 



< 



4 In view of |a — 1| < 1/2 in J6.9D . the factors a m , m g N can be ignored in iii when we employ 
l|6.59j l to prove Proposition 16. 19l 



64 



QIAN WANG 



S m \{V M + F) ■ A\dt' . 



Similarly, 

(6.66) vfhii) <r(t)i- 

Taking LP, using (f6758|) for V M, 

< (\\v}v M\\ L *r ? + \\v!f\\ l , l? )\\A\\ l??L 2 



sup |w^/i(t)| 

0<t<l 



(6-67) < (||^M|| L?i£ + 11^^11^+^)11^11^^. 

Note that ||^4|| L oo L 2 < IZo can be sufficiently small, then we combine (|6.63p . (|6.65|) 
and (|6.67|) to obtain 

\\r 3/2 M\\ L P Lr(n) <K + Ko, p . 
Using Minkowski inequality, we can obtain in view of (|6.62l) 



r(t)-*\\v?h(t)\\z&£r(t)- 



r(t')\\R\\ L rdt' 



then 



\\rh(t)\\ L -LZ £ \\rR\\L*lo,i]LZ<Ko, P . 
We can also obtain in view of (|6.64p that 

vlh(t)<\\Af Li \\rA\\ Lr 

by taking L\ norm and using (|6.f8[) , we have 



<K 3 . 



For Ii (t) , in view of (|6.66|) 

vlh{t)<r{tY- m 



s' n \(V M + F) ■ A\dt' 



Now taking L\ ([0, 1])££ by Holder inequality, 

K'i[U;l5 £ \\A\\ L ~ Ll \\r{\VvM\ + |F|)|| L£L? 

< Ko(\\rM\\ L * L P + \\rF\\ L 2 L r + Tl Q , p ) 

where for the last step we employed Minkowski inequality and (|6.58|) . Since TZq can 
be sufficiently small, the second inequality in (|6.60p can be proved. □ 

Now we prove Assumption 16 . 151 

Proposition 6.20. For the transport local coordinates (t,u>), the following proper- 
ties hold true for all surfaces St of the time foliation on the null cone H: the metric 

o 

lij (t) on each St verifies weakly spherical conditions i.e. 

(6.68) \\d k 1^ (t) - d klS 2 tJ \\ LZLr <TZ + Ko, P , 

where i, j, k = 1, 2. 



(if) 



Proof. Since relative to the transport coordinate on H, gj7ij — %Xiji 

d 



(6.69) 



dt 



(7ij) = an{n ■ 7y + 2j(ij)r 



Differentiate the above equation again, we obtain, 
d 



dt 



O / OO 

dk 7ij = an (d k log(an)« 7y +3 fe trx 7 l 



+«5 fc 7y +2dkXijr 2 + 2d k log(an)xijr 



where i,j,k = 1,2, with the initial condition given by (|6.53[) . Integrating the follow- 
ing transport equation along a null geodesic initiating from vertex, by ||K||x, a i / M> ^ 
TZq in (|6.13[) and a similar argument to Lemma |6.12[ we can obtain 



< 



>(*) 



(d k tTX-lij+r- 2 {t k Xij-r-x) 



+d k log(an) li 3 K + 2d k log(ari)Xijr 2 + Kd k ^u ) 



dk la (t) - 3fc7s2 2 



where T represents Christoffel symbols, and T ■ \ stands for the terms Yli=i ^kiXlj 
with Z = 1,2. Then with the help of ||k|| L 2 L oc( W ) < TZq in (|6 . 13[) and Lemma [6.121 

< lirili-ijlllxWUffif + \\r\ftvx\ 7 \\ L p L i + WrWxUW lzli 
(6.70) + IHC + CI7 • kIUklj + lkl(c + C) -x\4 L * L i + hhiLi- 



sup 

0<t<l 



We estimate the terms in the line of (|6~70| by (|67I7J|) and (|6~52|) 

®M £ IMkL?(Plk~L? + 1) + \\rA ■ A\\ LlLl < nl + n 



Using Proposition 16.191 

o 

dk lij it) - <9fc7s 2 y 



sup 

0<t<l 



V'j 



<^o,p + llxlk» i? ||r]] i5i? . 



Summing over all k = 1, 2, we have for the component of Christoffel Symbol 

l|r|Us< £ HflA Ik + c, 

i,j,k=l,2 

where C is the constant such that the Christoffel symbol of 7§2 satisfies |<97§2 1 < C, 
(|6.68p then follows by ||xlU°°£ 2 < CIZq which can be sufficiently small. □ 

7. Proof of Proposition [5711 



In this section, we give the proofs of (|5.4p - (|5.9l) in Proposition 15.41 Recall the 
definition of the region V + from Section l4~3l We consider T> + under the rescaling 
coordinates according to (t,x) — > (t> ?)■ The quantities Co and IZo introduced 
in Theorem 16.11 in the frequency dependent coordinates then satisfy C$ < A ~ 5 , 
% A _ 2 and the quantity lZo tP < A~2. Estimates in Theorem 16 . 1 1 hold with TZq 
replaced by and Proposition 16. 101 holds with TZq + TZo,p replaced by A - ^. The 
estimates for £, k in ()5.6[) were derived by combining (|6.12|) . (|6.7|) and (|6.18p . 
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7.1. Estimates for z and il. We first derive the estimates on z and fl given in 
Proposition 15. 4[ where z and Q are defined by (15. 2[) . i.e. z = atr%' — n (£_ u j and 

n= fa' 1 -"" 1 . 



Proposition 7.1. Let U = ^ - 1 

t/iere ZioZds on S := St u that 



(*- 



tmd Zet z and &e defined by 15. Sty , then 



(7.1) 



||r-»(w,«,n)|| La(S) + ||w,«,n|| L « (lS j<A- 



Proo/. Observe that z = aV + 2aU and ||^||l4 (s) + \\r-^V\\ L 2 [S) < rj^g < A"i 
Thus the estimates for z follow immediately from those estimates on IA. 
In order to derive the estimates on IA, we write hi = z\ — z%, where 



1 



1 



1 



(7-2) zi = -, z 2 = 

s an p (t — u) a\t — u) 

with n p being the value of the lapse function n at the vertex p of the null cone C u 
Integrating along any null geodesic initiating from vertex, we obtain, 



N < 



i 



a(t 



(7.3) 

Therefore 
(7.4) 

Recall that \a 
that 
(7-5) 

\\r~*Z2\\ L 2(s) ^ \\r~^Ln\\ L 2 (s) < C < A - ', 



/ —(-)nadt' 
Ju ds n 

< HVtnllr-^ <C 



\m\Ls-L 

1| < 1/2, C^ 1 < n < C and t 



We can derive from (I7.3[) 



\z2\\l*(s) £ ||Vin||i,4 (S() < C < A =>. 

We next consider z\ . On the outgoing null cone C u with vertex p, we have the 
transport equation 



(7.6) 



—z\ + -z\ = z l 
ds s 



1 



-Zo + 



ds 



an p (t — u) a 2 n p (t — u) 
Integrating along any null geodesic initiating from the vertex, we obtain, 



ds 



( 7 - 7 ) M<-/s 2 Ul 2 + 77 \ Z 2 + - ... , 

s z J u \ an p (t — u) a z n p \t — u) 
In view of (|7.4[) , it follows that 

\W\\l~l\ £ tJ\\zxTl~lI + INIl~l? + l|VLa|| L3=L? 

(7.8) < C2(t$\\zi\\1- l *+ Co 

Recall that Co < CiA -1 / 2 for some universal constant C\ > 0. We claim that 
IkilUyi? < 2C 2 C on any time interval [0,T] with T < (4CiC|)" 2 . Observe that 
II 2 i]]z,°°.l 2 as T -> 0, the estimate holds on sufficiently small interval [0, T]. 
Thus, it follows from (|7.8|) and < AT that on the same time interval [0, T] with 
T < (4CiCf)~ 2 there holds H^iH^oo^ < 2C 2 C . Consequently the estimate holds 
on larger interval and thus we must have the claim on any interval [0, T\ with 
T < (4CiC 2 2 )- 2 . Therefore 

(7-9) INU-L? <Co< A" 1 / 2 . 
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With the help of (f7~6]) . (f779|) and Lemma I6TT21 we thus obtain 

\\r~^zi\\ L 2(s) ^ \\r~^z 2 \\ L ^s) + V L a|| L 2 (s) 
which together with (|7.5[) gives 

l|r-^i|U»(S) < Co +MM < Co < A" 1 / 2 . 
In the same way, we can also derive that 

lkilU*(s) < \\z 2 \\ L rLuc u ) + \W\\LfL*(c K ) <MH + c <c < a- 1 / 2 . 

Combining this with (|7.5[) . we obtain the estimate for W in (|7.1j) . 

Finally we consider fi. Observe that il — , a H — s - r -r — , we have 



L(a" 1 )ds 



n p (t— u) 

i 



(*-«) 



Lin'^ds 



n p (t — u) 

Similar to (|7.5|) we can derive that 

\\r-?n\\ LHS) < \\r-i(\V L n\ + \\7 L a\)\\ L2{s) <C < \~ 1/2 , 

m\W{ S) < l|VH| L 4 (s) + \\V L a\\ LHS ) < Co < A" 1 / 2 . 

Thus we complete the proof of (|7.ip . □ 

Proposition 7.2. Relative to the canonical null frame, there holds on every St,u 
that 

(7-10) \\riLz\\ LZ + \\rifz\\ LZ < A"i 

Proof. We consider Lz first. By the definition of /i and using (|5.23|) . we derive that 
Lz - (ji + trx(k NN + V w log n)) 

= - Ltr X + T.(tr X ) 2 - ^(tr*) 2 - 2L ( 1 

2 2 — it) 



- 2 



nb 



Llogn n(n 1 



n 2 {t-u) 2 n(t-u) n 2 {t~u) 2 



4z 



1 - nb" 1 



LXogn 



n(t — u) J ' n 2 (t — u) 2 n(t — u) 

In view of rtr\ ~ 1 and (|7.ip . we have ||r5z 2 || L p < 1Z < A" 1 / 2 . Therefore, by 
using (|6.39[) and applying 



(7.11) 



\r*F\ 



< 



\r *F\\ L , [S) + \\F\\ms), 



to F = il, Llogn, z, we can deduce in view of (|7.ip . (|6.7[) and Ik^/z^p < A 
Proposition 16.101 that 



\r 2 Lz\\ 



L'l. 



< 



I^MlUg + lk a z 2 || L £ + lk 2 (^,ilogn,^)|| L£ < A 2. 



In order to obtain the estimate for yz, we apply (|7.11|) to rfa and tfn and use 
(|6T39|) for ftrx'. It then follows that 

lk*^*IUs < Ik^trx'^alUg + Hr^n -1 )^ + ||ria^trx'|| L£ < TZ + K , P . 
This completes the proof. □ 
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We define Hardy-Littlewood maximal function for scalar function f(t) by 



\f(r)\dr. 



It is well-known that for any 1 < q < oo there holds 
(7-12) < Wfhl- 

Proposition 7.3. There holds on V + that \\z\\ L 2 Laa < A~2. 
Proof. Recall the estimate (|6.8[) in Theorem 16. II We then have 

< \\aV\\ LrL ~4 - 



\ z \\l?l s 



1 



an(i — u) 



l|W| 



Assuming the following estimate on T> + 

(7-13) \\U\\l*l~ < \\V L n,V L a\\ L s L o 



noting that (|5.4[) implies ||^, Vl?i|| L 2 L oo < A -1 / 2 , therefore we can obtain (I5.7[) . 

To see (|7. 13[) . due to W = z\ — z 2 , let us consider z 2 first. In view of (|7.3I) . 
| a, — 1 1 < 1/2, C" 1 < n < C and i — u « s, we can obtain 



(7-14) 



sup |« 2 |(t) < A4(||Vin||i-). 



In view of (|7.7[) , we also have 



*1 



< 



S (*) 5 



da 



an p (t — u) 



2 n p (t — u) ds 



dt'. 



Therefore 
(7-15) 



sup \ Zl \(t) <M(\\z 2 \\ LT )+M(\\V L a\\ L ~). 



Combining ([7TT4|) and (|77L5l) . taking L\ norm, and using (f7~T2|) implies (|7TT3| . □ 

7.2. L\Lf estimate for % and C- We will use the equations ((6~44}-([IyJ|) to 

derive the estimates for \ an d C- We first recall from [13] the following version of 
Calderon-Zygmund-type result for Hodge systems. 

Proposition 7.4. Let F be a covariant traceless symmetric 2-tensor satisfying the 
Hodge system 

(7.16) divF = fG + e on S t , u 

for some scalar function G and 1-form e. Then for 2 < p < oo and ^ = \ 
holds 

(7-17) \\F\\lv{s^) £ \\G\\ LP{ s t , u ) + l|e|U,(5 t ,„) 

and for p > 2 £/iere holds 
(7.18) 

II^IU-(s t „) < l|G|U» (Stitt) In (2 + A- 1 P \^\\1/G\\ LP{St u) 
Similarly, for the Hodge system 

divF = f -G x + ei, 



p l|e||Lp(S t ,„). 



(7.19) 



rarZF = V • G 2 + e 2 , 
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where G = {G\,G%) are 1- forms and e — (ei,e2) are scalar functions, we have 
J 7.171 ) and for any p > 2 there holds 

(7.20) 

\\F\\L~(S t , u ) < \\G\\ LX{Sttu) hx (2 + r?- 2 v\?\\tG 1 r- 1 G\\ LP(St ii) ) + r^Weh^y 

Relative to rough metric, the proof of Proposition 17.41 can follow from the stan- 
dard Calderon-Zygmund theory with the help of weakly spherical condition (16.68)) 

and IjWSip . Consider the application of (|7.18|) to divx = ^7 n +^tr% + • • • which 
follows from the Hodge system (|6.44[) and Proposition [52] (a), where tt is the major 
part of G. In principle we only have the bounds of tt Wl^lZ on nim cones ; 
which needs one-half more derivative to give the estimate of sup u ri ||^G]|ip for 
p > 2 in ()7.18j) . This poses an issue of lack of half-derivative. Note that, by 
Strichartz estimate, we may expect to control ||/i 0+ P A1 (Vgr, k) > which is 

slightly stronger than || tt On the other hand, since tt takes the form of 

N fJ, (gVg, k)^... or II£J (ffVg, fc) M '... relative to spacial harmonic coordinates, to con- 
trol ||jti 0+ Pp tt 11(1^2^00 causes a serious technical baggage due to the factor 
involved in the paradifferential calculation. To solve all the potential issues, our 
strategy is to establish (|7.2ip so as to take advantage of the extra differentiability 
of k, Vg. 

Proposition 7.5. Let F and G be S-tangent tensor fields of suitable type satisfying 
J7. itf| ) or with certain term e. Suppose G is a projection o/E tangent tensor 

G to tangent space of S byli 1 ^ G^i... or takes the form of N^G^... . Then for p > 2, 
8 > sufficiently close to 0, and 1 < c < oc there holds 

(7.21) \\F\\ L ^ {St u) < Wf/P^GW^^ + \\G\\ L a. (St , u ) +r 1 -p||e|| i , (Stiu) . 

The proof of (|7.21|) is presented in the Appendix II. 

We slightly extend the definition of err in Proposition 16. 81 to 

(7.22) err ■ — A - A + tr% • tt. 

where A was defined in Section [6] By using (|6.39|) we have ||r 1- p-A • A\\ LP rs t \ < 
(T^-o,p + T^-o ) 2 - Also using the fact rtrx « 1, we can obtain the following estimate 
on err. 

Lemma 7.6. For any p > 2 there holds 

(7-23) Ik 1 "* err||£, ( s tiu) < ||7r|U~ + (K , p + K ) 2 

7.2.1. Estimate of X- In view of the equation (|6.44l) and Proposition 16.81 (a), we 
have 

div x = ^^trx + ^ tt +err. 
We define a symmetric traceless 2-tensor, to be the solution of 

(7-24) d iv^Wtr X -— ^ 

2 \ n(t — u) 

It is straightforward to see that 

(7.25) div (x-f) = t % +err. 
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Applying (|7.18|) in Proposition El to (|7.24jt and also using (|7.10|) . we obtain 

(7.26) MU-fr,*) < \\4^(S t>u ) ln(2 + ||r^A^z|| LP(St u) ) < |k|U« (StiU ) 
Note that with 2 < <? < 4, 

(7-27) lk^7r|U<(s t , u) <M[*]A"i 

Applying (|7.21l) in Proposition [73] to (|7.25|) and using (|7.27p give 

(7.28) ||* - *|U- (StiU ) < ||/i° + ^ £ lll»L-(s tl ,) + II * IU~(S t , u ) + H^-ierrlU^s^) 

where p > 2 sufficiently close to 2. 

Combining (j7T2"S]) and ([7T28"]) . and using (jT2"3"]) and (jlTS)) . we can obtain 

HxllifL- £ llM 0+ ^ ^ + IHIifi- + fa)* + ^) 2 ri. 

By using (|BA3|) . we conclude ||xllifig°(x>+) ^ A -1 / 2 , which is the first part of (|5.9I) . 
7.2.2. Estimate for (. In view of (|6.45j) . (|6.46|) and Proposition 16. 8( we can write 

T>iC = t * +err+ (/z,0) 

o o(l) o(2) 

where tt— (it , 7t ). 

Let i/l a be an S*-tangent co-vector which is defined as a solution of the Hodge 
system 

(7.29) div ^ = fj,-p curl^ = 0. 
It follows from (1536) and (|STTTj) that 

(7.30) \\f^(c u ) + lk"VlU 2 (c„) < Ml*( Cu ) < no. 

Observe that by (|6.45l) , Proposition 16.81 (b) and the divergence theorem, we can 
treat jl as nA ■ A + ntrx7r. By ignoring the average sign, in view of (|7.22|) . p, can 
also be incorporated to err. With the help of (|7.29|) . we have 

(7.31) *MC-|0 =¥ ^+crr. 

In view of (|T.21|) in Proposition [73J and (I7.27p . we obtain 
(7.32) 

IICIU~(s t ,„) ^ MIU~(s t ,„) + \\v 0+ p» ^ Ibjis + II ^ IU°°(St,«) + ll rl_ " err IUns t , tl )- 

Lemma 7.7. In i/ie region T> + , there holds 

j-r, \ 1/2 

/ supii^i 2 ^^' <y 0+ p^\\L?iiL™ + \\n L 2 L ~+Ts\-s. 

IQ U 'J 

Assuming this result, we can obtain from (|7.32j) and (|7.23l) that 

2 

« 

which, in view of (|BA3j) . gives the second part in (|5.9p . 

In order to prove Lemma 17.71 we first derive an equation for 

(7.34) D 4 ^ := V t i/i + ~ntr%^ - njc • ^, 



(7-33) <mp|ICIIi~ ( & u > < A"' 



^We denote by 0+ a constant ft > arbitrarily close to 
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where VtF := uDlF for any tensor field F. We need the commutation formula 
(0 Chapter 13], [26]) 

(7.35) [V t , t B }F A = ~n X BctcF A + n( X AB( c - XbcC a + eAC*l3 B )F c . 
Lemma 7.8. D^d satisfies the following Hodge system. 



(7.36) 



divD 4 ft = -^f rr +ei + n(trx) 2 ir 

curlD^ft = n(x ■ ir + Ro)ft + nA ■ (A + trx) ft + n $ A ' ft, 
where e[ = n (A ■ fA + (A + ft) ■ (A ■ A + A ■ trx) + {A + z) ■ R ) . 
Proof. Let G := Lfi + tr%/i. We can derive 

(7.37) T^t{^ — t 1 ) + ntr%(/i — p) = nG — nG — nnfi, 
In view of (|7.35p we then obtain 

divP t ^ = V t div ft + 5 AB n X Bcfcft A ~ S AB n( X A B C c ~ XbcC a + £AC*P B )ft c 

= V t div ft + ^ntrx div ft + nx ■ $ ft - -zntrixC ' ft + n X ■ C • ft — n P • ft 

— nG — nG — nufi — — nt?x div ft + nx ■ V 'ft ~ —ntrxC ' ft 
+ njc ■ C • ft ~ nf3 ■ ft. 
Consequently 

divD4^i = nG — nG — nnp + -^{ntrxjft — div (nx)ft 

- intrxC ■ ft + nx- (■ ft-n/3 ■ ft. 

As explained before (|7.31|) , up can be treated as K ■ (an A ■ A + antTxtr) , where the 
average sign has been ignored. We also will not distinguish nG with nG. Then, in 
view of (16.441) and (|6.47[) . symbolically there holds 

divD 4 ^ = n (A ■ rfA+ (A + ft) ■ (A ■ A + A • trx) + (trx) 2 7r + trx • P) ■ 

In view of (|7.35|) and (|7.29|) , we also have 

curlD 4 ^ - n(x ■ *C + ■ ft + t{nx)ft + f{ntr X )ft- 

Thus, with the help of Proposition 16.81 (b). we obtain ()7.36|) . □ 

Proof of Lemma{Tl\ In view of (|6~2"T1) and (1730)) . there holds WftW^^ < K . By 
Lemma IB. 181 (17.29[) and f|6.39[) . we can obtain 

(7.38) \\rfft\\ L 2 L p < |M| L?L£ + \\ft\\ L 2 L p <K Q + TZo, p . 
Let 

£ := \\rt(A,ft)\\ L 2 LZ + ||ri? || i?LS + ||rtr X (A ft) || L?L£ + \\rA-A\\ L 2 LZ , 
we have £ < TZq + 7lo,p- By (|6.22[) . we also have 

(7-39) (J llf*ll£~(s«„,)Y <K + n , P . 

By (j73I)) and Lemma IBTT21 

1 r* 

sTi^ft 



li°°(S t ,„) < 



t — it 
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Using flUTJ) in Proposition 1731. ([7!2?]> . (|7T36l) and C _1 < str% < C on C„, we can 
obtain 

— f S D 4 j4 <[ r 1 -! (lleilU.^ + llcurlD^llw^)) 



i ft i ft 



(r-40) + —j u h^p, Mi^+^yjwk 

Thus, by using (|T.39[) . we can derive that 

/ ^-fdeil + lcurlD^I) < |p| + |z| + |^||U fi » (Cu ) • £ 

In view of (|5.4[) and (|7.12p . we have 

« J 

This completes the proof. □ 

8. Appendix I: Proof of Proposition [6T8l 

8.1. Decomposition for /3,/3. We need the following decomposition result on 
Ran ■ 

Lemma 8.1. On St tU C S t , relative to orthonormal frame {N, e±, e2}, where N 
denotes the unit normal of St, u in St, there holds^ 

(8.1) R AN = cirl n 1 + f A n 2 +g ■ 9 ■ Vg + g ■ V<? • V<? + R ■ g 

where the 2-tensor tti and the scalar 7r 2 are terms formed by the sums of N ll (g ■ 
Vg,fc) M ... andUtfig ■ Vg,k)^.... 

By the Gauss equation Ean — Ran + k ■ k, the identity Ean = \{P + P) (see 
[21 (7.3.3e)]), and 

divr) = i(y3 - £) - + 6 ■ e - ^tv6 • e 

(see [3 (11.1. 2d)]), we have symbolically that 

(3 = div fj + fS + R AN + 8 -e + k-k. 
Hence Proposition ^. 81 (a) can be proved by using (|8.1|) . 



Proof of Lemma [8J\ We write Ran = N k e A Rjk- Recall that 

Rjk = Rjk + VmUjl 71 — VjU m k — Uj%U nm — U^jJJ^J 1 . 

Then we have 

R AN = N k e j A V m U£ - {f A Vj{N k U^) - ei i A V j N k U&) + N k e\R ]k -U -U. 



^We ignored the frame coefficients e 3 A , N k in the last three terms, since they are harmless for 
the purpose of application. 
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For simplicity of exposition, we set Ukji = U k ? ■ g v i and A k i m ■= V m gik - Vig m k- 
Then we have 



1 



= V m g U k ji + -^g (V m V k gji + V m Vjg k i - V m Vig jk ) 
= V m g ml U k3 i + \g ml {V V m g k i + R) + \g ml V m A jlk . 



We now define 

*Ui = l^i^Wmj + ej^Vigmi), g k = g mn V k g mn ~ g mn V m g kn . 



Since the spacial harmonic condition implies that g^Vigji = ^g lJ Vigij, we can 
derive that g k = g mn V m gn k - We claim that 

(8-2) A iab = ((Us + ~f? n e^ ej,. 

Using (|8.2I) . we can deduce that 

9 ml V m A jlk = ^V m (n js + \ B ne^ +g ml V m e t s k (n ja + ±Q n e£ 

Hence, with *kjc — \{^jC + |^e^), we have 

= e j A N k e m k s V m (n js + ^g n e/:) + ]^e\N k g ml V ,V m g kl + gVg-Vg + g-R 
= -e J A e BC V B ^jC + -e? A N k g ml V 3 V m gu + 6 ■ g ■ Vg + gVg ■ Vg + g ■ R 
= -(cvfrlTrJx + \e A V 3 {N k g ml V m g u ) + 8-g-Vg + gVg ■ Vg + g ■ R. 
We then conclude symbolically that 



e j A N k V m U< 



Ran = V A [ i;9 ml ^ m g k iN k + N k U™ k ) + cu'rlir + g ■ 6 ■ Vg + gVg ■ Vg + g ■ R 



1 

as desired. 

It remains to verify (|8.2j) . By the definition of fiy we have 



2tV ab J = e. t m eJV l9mj + e j lm e ab J V l9ml . 
From the properties of the volume form components e, J , we have 
e j lm ^ab^i9 m i = V a g bi - V b g ai , e l lm e ab 3 Vig mj = V a g bi - V b g al + g la g b - g lb g a . 
It is easy to check that gi a g b — ga,g a = —Q n ^ij n ^ ab ■ Hence we have 

n ij£ a b 3 = Va9bi - V b g al ~ ~Q n eij n eJ- 
This completes the proof of (|8.2[) . □ 
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8.2. Decompositions of a and a. The decompositions of a and a follow imme- 
diately from the structure equations 

1 1 - 2 1 — 1 ^ 3 ~ 

-a = D417 + -trxf) + n -1 ^ n - - f®e + -Sfj - a _1 ^a®e - -05 

Zi Zi Z Z — 

- e®e+ (( -flogn)®e 
and cr = ci/rle — 6 Afj which can be found in Chapter 11]. 

8.3. Decomposition for p. Let (eA)A=i 2 be an orthonormal frame on S, and let 

oC 

n AB be the projection of onto 5, i.e. 

^ B = eV J B ( ec ) )b [/ i ,/nfnfn|,. 

where E/L is the tensor defined by (|1.8p and H-f — 6f — iVjiV 3 ' is the projection 
operator. Recall that 

a jia = v fc Ly - v t u k ; + U^Ut™ - u^u kJ m + R^u 

By using VfcE/y* = V k U Vj l + U -U,we have 

(8.3) Rabcd = e^e^e^e^ii^; = V 'c ^csa -^d ^cba +E A bcd- 

where £7 consists of the projections J7 • U to S and the terms 8 ■ (N l Ui...,Tl m Ui...) 
and for \E\ := maxyi,B,c,D I^abcdI we have \E\ < \Vg ■ V<?| + |0 • Vg|. Recall 
from P.167] that j AC '^ bd Radcb = — 2p. By the Gauss equation, we then have 
— 2p = "f AC "f BD {Rabcd + k ■ k). This together with (|8.3I) gives the decomposition 
for p in Proposition 16.81 

9. Appendix II: Proof of Proposition 17.51 

In this section we will complete the proof of Proposition 17.51 by employing the 
geometric Littlewood-Paley theory on the surfaces St developed in [16] . In Section 
6 we introduced the metric := r 2 7§2 on St. u , where r denotes the the radius 
of St.u with respect to 7, i.e r :— Jg t d/i 7 . Let to be a function in the 

Schwartz class defined on [0, 00) having finite number of vanishing moments and 
set m„(r) := /i 2 TO.(p 2 r) for any dyadic numbers p, > 0. The geometric Littlewood- 
Paley projection P^ associated with 7^ is defined by 

poo 

P ( ° ] H= I m u {T)U(T)HdT 
Jo 

for any 5-tangent tensor H, where U(t')H denotes the solution of the heat flow 
^U{t)H = r 2 ^ {0) U(r)H, U(0)H = H. 

UT 

One can refer to [16j for various properties of U(t) and PjfK In particular, it has 
been shown that one can always find an to such that the associated P^ satisfies 
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Lemma 9.1. For 2 < p < oo, and any S-tangent tensor H there hold on St that 
(9-1) \\[pW,f (0)2 ]H\\ L ,<r- 2 \\H\\ LP , 
(9-2) [P^,t i0) ]H\\ LP <r- 2+ i/i-f \\H\\ L 2. 



Proof. Symbolically we have [^ (0) , f (0)2 }H = r~ 2 jW ■ f {0)2 H. By the definition 
of P^ ' H and the Duhumal principle for heat flow, we have 



[p(°\y (0) V = r 2 / m^r) I U(r - r')[^ (0) ,f {0)2 }U(r')Hdr' 

JO 

/ U{t-t')1/ (0) U{T')HdT'. 



Taking the LP norm gives 

\\[P^y Q) ]H\\ LP <r- 2 \\H\\ LP / m,(r) {T-T')-^T'-^dT' <r^\\H\ 

Jo Jo 
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We next prove (|9.2|) . In view of 

[P^,t W ]H = r 2 m M (r) / £7(r - r')[^ (0) , y (0) M^)# 
JO Jo 

m M (r) / (7(r-T')y (0) C/(T')P. 
Jo 

We then derive by the Sobolev inequality and the L 2 estimate of heat operator 
U{t) that 

\\lp(°\f i0) }H\\ LP <r- 2+ i\\H\\ L2 / TO/1 (t) / r'" 5 (r - r 'r i+ W 



<r- 2+ ^i-p||i/|| L2 

as desired. □ 
Now we divide the proof of (|7.2ip into two steps. The first step is to prove 

Lemma 9.2. For S-tangent tensor fields F and G satisfying the Hodge system in 
Proposition \7.4\ there holds with 5 > and p > 2 that 

ll*1U~(s«..) < y 5 P^G\\ llL ^ is ^) + ||G|U- (Stiii) + r 1 "! \\e\\ LPiStiu) 

Proof. Let F be defined by l|6.57p . Using the following standard identity for Hodge 
operators (see Page 38]) 

- 1 -^F = *vf^F-^F, 

we can obtain 

-i^F = *vf\v 2 F + (T - r<®)F ■ 7 ) - \f. 
2 r 2. 

We can always find the Littlewood Paley projection P^ associated to a different 
symbol fh such that 

(9.3) M 2 ?(°) = r 2 A (0) ^ 0) 
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we can derive symbolically that 
(9.4) 

P^F = (pW*vi 0) (f [Q) G + (T - r(°))(F • 7 + G) + e)) + ^ 2 P^F. 

In what follows, we will not distinguish P^ with pfp\ By the Bernstein inequality 
and the finite band property, for p > 2 satisfying < 1 — 2/p < s — 2, we can derive 
on 5 that 

7, =: M -V||p(°>y (0) ((r - r(°>)(F • 7 + G) + e) || L » + M - 2 ||Pf j?|| io . 

< /i" 2+ f ||(r - r(°))(F • 7 + G) + e|| LP + /i^llP^FHioc 

< /J" 1 (r 1 "! (Helli, + ||F|U-||r - r^Hip) + ||G|U-) 

where, with the help of the Bernstein inequality and (|7.17[) . the lowest order term 
M~ 2 ||P/i P||z°° has been treated as 

II^IU? <^r~^\\F\\ Lf <^{\\G\\ Lt , + \\re\\ Ll ), 

with p" > 2 being a large number and 1/q = 1/2 + 1/p". Therefore, we obtain that 

E^ < ll^|r-r(°>| 7 || iP ||F|| LS o + \\G\\ L ~ +r 1 -f ||e||ip. 

It remains to consider the first term in (|9 ,4[) . Using the Bernstein inequality with 
q > 2, we have /i- 2 r 2 ||P^ 0) *X^ 0) ^ (0) G|]i,» < a M + 6 M where 

a, = (M-Vf-tll^f y (0) p(°)G|U, and 6, = (^V) 2 "! || [pM, ^° )2 ]G\\ Lt . 
By the L 9 theory for elliptic equations, the finite band property, and (|9.1[) . we have 

(9-5) a M <^r-f[[PWG|U«, 6„ < M" 2+ 'r"f 

which together with the estimate on 7 M imply 

E H^ 0) *1U» ^ E ^ f H p f G lk + ll^" f l r - r(0) h" W F h~ 

+ !|G||l- +r 1 "t||e|| L p. 

Using Proposition 16.201 and (|WS1|) . we therefore complete the proof. □ 

The second step is to prove Lemma T9. 41 for which we need the following result. 

Lemma 9.3. For any p > 2 and any S-tangent tensor F , there holds on S := St, u 
that 

(9-6) llPWpil^^/x^+fr^fllpWy^PlU.+^II^PIU,. 
Proof. With the help of (|9.3|) and the Bernstein inequality, we have 

||pWf|| l » = M -V|^p(°)F|U~ < M - 2+ fr 2 -l ||PW ^ (0) P|| iJ3 

< /i- 2+ tr 2 -t (||[pW,y (0) ]y (0) P|| iP + ||^ (0) p( )^ 0) P|| iP ) 
From (|9~2"]1 it follows that 
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which implies < /i- 2 ||^ (0) F|| L 2. In view of the finite band property, we also 
have 

4 2) <^ 1+ v-f||^>y (0) F|| LP . 

Thus, we complete the proof of (|9.6p . □ 

Lemma 9.4. (i) For < e < 1, /x > 1 and any scalar function f , there holds on 
S := St,u that 

(9.7) swpWfh-K (£ (£)'+£ (~Y e ] ii^/iu-+/*- 1+e ii/iu- 

(ii) Let S, 8' > 6e swc/i f/iai S + 5' < 1 and let q > 2 fee swc/i £/ia£ 2/q < 1 — 5. 
Then for any scalar functions f and H and any /i > 1 there holds 



i|pf(/-^)iu»<iiffiu» +Eu 11^/11 



-1+511 t\\ _ 



(9-8) + M i- 1+5 ||/|| L o ||ry w i/|| L ,. 
Proof. We first prove (i). We can write 

if>f = if> E^/+^ 0) E ^/+ J pi 0) J p<i/ = 4 1) +/f+^ 3) - 

£>/i 1<£</j 

By using the properties of the geometric Littlewood-Paley projections, we have on 
St,u that 

^ii^ 2) iil~< e /^ 2+ v 2 iia(°)p £ /ii^< e (^'""iiwiil-, 

ll4 3) IU- ^^-VHAWP^/IU- <A*- 2 [[/lk-. 

Combining the above estimates gives (|9.7p . 

Now we prove (ii). In view of Pif = f an d set fi := Pef, we can write 

p?Hf-H) = jv + jw + jw 

= E ppHft-V + YsPpHh-m + p^u <x-h). 

Ki<H t>n 

It is straightforward to derive that 

6 



i^ 2) iu~<ii^e(i) 
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We now estimate J^ 1 ' by using (|9.6[) . Let fi<.<(, := J2i<e<ti ft- Then for suffi- 
ciently large p we have 

s /-^v-f upw^c/k.^ • i?)iu, + /.- 2+5 ny (0) (/i<.<, • 

+ /,- 2 + 5 ||y (0) (/!<.<,- P)|| L2 

</- 1+ »l|ff[k- e\\fi\\LZ+n s - 2 \\f\\L™\\f ia) H\\ L2 

+ /- 1+ fr 1 -f||p( )( /l< . < ,.y (0) i7)|| iP . 

For the last term we proceed with q > 2 sufficiently close to 2 and the Bernstein 
inequality to obtain 

Thus 

/ll^ll^^H^ E (-V " P \\^ +i MLL+^ 1+ h\f\\^\\rt i0) H\\ L ^ 
1</</i VAV 

The low frequency part can be treated similarly. Hence we obtain (|9.8|) . □ 

Now we prove (|7.21[) . By abuse of notation, we can write G as the sum of two 
types of terms G^N 11 and G M . We may apply (|9.7|) to the components of G M to 
treat the second type of terms. To treat the first type of terms, we may apply (|9.8[) 

to / = Gf M and H = N». Note that |^ (0) 7V| < |tr6», 6, g ■ Vg\ for which we have 

r^pWf^NWLp^ < 1, with 2 < p < 4. 
This together with Lemma 19.41 and Lemma 19.21 implies (|7.2ip . 



10. Appendix III: Commutator estimates 

In this section we derive various commutator estimates involving the LP pro- 
jections P\ in fractional Sobolev spaces that are extensively used in this paper, 
where Pa is defined by {TjTTJ . One can refer to [2Ql [16] for various properties of LP 
projections. In view of the LP decomposition, the norm in the Sobolev space H e 
with < e < 1 is defined by 

\A>1 

for any scalar function F. For any nonnegative integer m and < e < 1, we 
define ||P||#-m+ e := ||P||^ m + ||V m P||ir«. For simplicity of exposition, we will write 
P A := P A P, P< A := E f <A^» and \\STF\\» := (£ A>1 A 2 lP A F||| 2 ) 1/2 ■ For 
any sequence (a A ) we will use ||a A || 2 2 to denote £ A>1 I°a| 2 - 
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10.1. Product estimates. We first derive some useful product estimates. Let P M 
denote the LP projection. According to the Littlewood-Paley (LP) decomposition, 
one has the trichotomy law which schematically says that for any scalar functions 
F and G there holds 

(10.1) P^F ■ G) = P M (F< M • Gfj,) + P M (F M • G<„) + • G\). 

X>fj. 

We will use this decomposition repeatedly. 

Lemma 10.1. For any < e < 1 and any scalar functions F and G there hold 

(10.2) ||A e (P-G)|| L2 < \\F\\ m/2+ 4G\\ Hl + \\G\\ m/2+ 4F\\ Hl , 

(10.3) || M - 1/2+e P^(P • G)\\ llL , < \\G\\ H 4F\\ m . 

Proof. We first prove (110. 2|) . By using the Bernstein inequality and the finite band 
property of the LP projections, we have 

H e \\P^F<,-G,)\\ L . 

Therefore 
(10.4) 

Similarly we have 

(10.5) ll/^W • GkJW^v < \\G\\ H y, + 4VF\\ L ,. 

Moreover, we have 

^\\p,{Fx ■ G X )\\ L * < m 1/2+6 ||Pa • G A ]y < m 1/2+£ II^IM|g a || l6 

1/24 



||A 1/2+e PA|U 2 ||VG M || L2 . 
\\fP»{F<» ■ G M )\\ PuI * < \\F\\ H1/2+c \\\7G\\ L 2. 



< 



f) £ ||AV^F A || i2 ||VG A |U 2 . 



This implies that 
(10.6) 



M ^P M (P A -G A ) 



< 



IIA^+^ii^nvGIU.. 



HL 2 



Combining the above estimates and using the trichotomy law we obtain (110. 2)1 . 
Next we prove ()10.3j) by using again the trichotomy. We have 



|| M -V2+ep M(i ^. Gp 



W.L 2 



< 



-1/2+e 



\\GJl4FkJl* 



< 



, \ \ 1/2 



A<M 



< 



\F\\ h 4G\\h<, 



l^/^P^-G^W^ 

3/2-e 



< 



< 



l|VP|| L2 ||A e G A || 



L 2 



< 



\VF\\ L 4G\\ H , 



so 
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and 



X>fi 



HL 2 



< 



< 



/* 1/9+ *X>a-Ga|| 



< 



M 1/2+£ EH F aIIl3||G a || l2 

A>^i 



J2(j) 1/2+e ^Fx\\ L iU e G x \\ L i 



< 



\\F\\&\\G\\h- 



Combining the above estimates yields (|10.3[) . □ 
Lemma 10.2. For any e > and any scalar functions G\, G 2 and G 3 there holds 



\\A e (G 1 G 2 G 3 )\\ L2 <J2\ WGjW^HWGtW^ 



Proof. By using the properties of LP projections and the estimate (j!0.3[) in Lemma 
110.11 we have 



|| At e P M ((G 1 )<, l (G 2 G 3 ) M )|| i 2 i2 



< 



$> £ IK G i)AlUH!(G 2 G 3 y L2 

A<^t 



< 



< 



A|U 2 ll(G2G 3 ) /i || L 2 

A<^» 



< llVdH^ ^ 1/2+e ^V(G 2 G 3 ) 



HL 2 



||Gi|Ui(||G2||ffi+.||G3|Ui + ||G 3 || ff i + .||G 2 |Ui), 

WtfPn ((G^^G^) <n)\\p L 2 < ||M e ||(Gi) M || L 3||(G 2 G 3 )< At || i 6|| i2 



< 



//- 1 / 2 II v(G x ;y i3 ||g 2 g 3 | U 

If. 



< llA* e V(Gi) /1 ||i»L»l|G 2 |U.||G3||L- 

< HGxIUi+ellGall^llGsll^ 



and 



5>^((Gi)a(G 2 G 3 ) a ) 

A>/j 



< 



^M'lKGOAlU-IIGaG 



3||L 3 



\>fj. 



< 



E(^) e ||A e V(G 1 ) A |U, 



G 2 || ff i ||G 3 ||#i 



A>/j 

< ||G 1 || ff i +5 ||G 2 || ff i||G 3 || H i. 
In view of the trichotomy and the above estimates, we thus complete the proof. □ 



Lemma 10.3. For any < e < 1 there hold 

(10.7) ||A £ (F • VG)|| L2 < ||F|M|G|| ffl+e + ||G|| L ~ , 



Proof. We will use the trichotomy law to derive the estimates. To derive (|10.7|) . we 
use the properties of the LP projections to obtain 

WP^F^-VGJUv < \\F\\ L ~\\^(VG)J llL 2 < ||^||^||A e VG|| L2 , 



\^P^-\7G<^)\\ llL2 < 

< ||A £ VF|| i2 ||G|| L 



M^I^IU^AHGaIUo 

\<fj. 



<}W +e F»\\ llL 4G\\ L ° 



and 



Ijl^P^Fx-VGx) 



< IIFII 



l 2 .L 2 



£(f)VvG A iu. 



A>/i 



<||F||^||A e VG|| i2 . 
Combining the above three estimates we therefore obtain (|10.7|) . 



□ 



10.2. Commutator estimates. In this subsection we will derive various estimates 
related to the commutators [P^,F]G We first consider the general setting. Let 
m(£) define a multiplier 

(10.8) Vf(x) = J e to *m(0/(0<ie- 
By introducing the function P(x) defined by 

(10.9) M(x)= J e ix -tm(£)d(, = m(-x), 
then for any scalar functions F and G we can write 

[V,F]G(x) = [ M{x - y){F{y) - F{x))G{y)dy 



M (x -y)(x- y y / d s F(T V + (1 - T)x)dTG(y)dy 



(10.10) 



M{h)hP I djF(x -Th)drG{x - h)dh. 



By taking the L 9 -norm with 1 < q < oo and using the Minkowski inequality we 
obtain 

(10.11) \\[P,F\G\\ L ,< f \M(h)\\h\J \\dF(- - rh)G(- - h)\\ Lq drdh 

An application of the Holder inequality gives the following result whose special case 
with p = oo and q = r = 2 is [TTJ Lemma 8.2]. 
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Lemma 10.4. Let V be the multiplier operator defined by h!0.8\) and let M be the 
function given by hl0.9\) . Then, for any 1 < p, q, r < oo satisfying 1/p + 1/r = 1/q 
and any scalar functions F and G, there holds 

\\[V,F]G\\ Lq < \\dF\\ LP \\G\\ L r J \x\\M(x)\dx. 

Recall that the LP projection P M is a multiplier operator with m(£) = 
where ^ is a mollifier with support on {1/2 < |£| < 2}. Observe that M(x) = 
fj, 3 ^(—/j,x). We have / |x||M(a;)|<ix < A* -1 - Therefore, from Lemma fl 0.41 we obtain 
the following commutator estimate. 

Corollary 10.5. For any 1 < p, q,r < oo satisfying 1/p+l/r = l/q and any scalar 
functions F and G there holds 

\\[P„F}G\\ Lq < f ,- 1 \\VF\\ LP \\G\\ Lr . 

In the following we will give further estimates related to the commutator [P^, F]G 
for any scalar functions F and G. We can write 

[P M , F]G = [P^F]G<^ + [P„, F]G >2 ^. 
By the orthogonality of the LP projections, we have 

[Pfj,, F]G > 2 fl , = Pfi{F ■ G >2ai ) — FP fl G>2^ = Y, Pfi{F ■ G Ml ) 

= E E p^-g^). 

HI>2ij, i^<^2<2Aii 

Thus, schematically we can write 

(10.12) [P»,F]G = [P I1 ,F]G<„ + Y Pn(FxGx) 

A>/j 

which is not quite accurate but harmless to derive estimates. 
Lemma 10.6. For < e < 1, there holds 



S\\[P„F]VG\\ L2 < ||Vf E ' W X£ Gx\\l* 



(10.13) +\\VF\\ L ~J2 (j) W^Gxh*. 

X>fi 

Proof. By using Corollary 110.51 we have 

WiP^FftG^U* < M-'IIVFH^ Y W^Gxh* £ ^-'IIVFIU- Y M\Gx\\l*- 

A</j. <^<M 

On the other hand, by using the properties of the LP projections we have 

Y II W • vg a )|| l2 < Y II^IU-I|vGa|U> < I|vf|U~ Y H G ^ 2 - 

Combining these two estimates and using the decomposition (|10.12[) we therefore 
complete the proof. □ 
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Lemma 10.7. For < e < 1/2 and \i > 1 £/iere /io/d 

M -i+ e ||V[P M ,^G|| i2 < ||VF|| L . E (-) II^aIU' 

(10-14) +\\VF\\ Le J2(j) 1/2+e U e Gx\\Li 

A>/j 

and 

^ +e ||[P M ,F]G|| i2 < \\VF\\ L e f^) V2 ' HA £ G A || i2 



\<fj. 

1 A 



(10.15) + ||VF|| LS £(£) 1+ VG A || I ,. 

Proof. From the expression (|10.10[) we can obtain 

V[P /i! F]G< /1 = JvM^x-y){x-y) s J djF(ry + (1 — t)x)oItG < lx {y)dy 

(10.16) + / M^x-y)VF(x)G<^(y)dy, 



where M M is given by (| 10 . 9[) with to(£) = ^(// One can check J |M M (x)|dx < 1 
and J" \x\\V M fl (x)\dx < 1. Thus, it follows from the Minkowski inequality that 

\\V[P M F]G<4 L i < \\VF\\ L 4G<4 L s < \\VF\\ L e J2 A 1/2 ||G A || L2 . 

A<p 

On the other hand, by the finite band property and the Bernstein inequality of LP 
projections, we have 

E II^Wa • G X )\\„ II^IUa||GA|U3 < ^F\\ L e £ A^ ||G A || L , . 

A>/^ A>/^ A>^ 

With the help of the decomposition (|10.12j) we thus complete the proof of (|10.14l) . 
Next we prove (|10.15[) . By using Corollary 1 10 . 51 we have 

\\^[P^F]G<»\\ L , < v-^\\VF\\ L e\\G<»\\ L3 < fx-^\\VF\\ Le E A*||Ga|U 2 , 

A</i 

while by using the properties of the LP projections we have 

E H w • g x )\\ l2 < ^ e ii f ^ • G *iLi £ ^ 1+£ iivfiil 6 E a-'iigaIu- 

\>H X>fj. A>p 

The estimate (|10.15j) thus follows from an application of (|10.12j) . □ 
Lemma 10.8. For < e < 3/2 there holds 
(10-17) Ilji-Va+^P^VGU,^, < ||VF[[ ffl ||G[[H«. 

Proof. We will use the decomposition (|10.12[) . We first consider the term 

«m :=E^ 1/2+£p M(^A-VG A ). 

A>/j 



84 



QIAN WANG 



By the Bernstein inequality and the finite band property of LP projections, we have 
M~ 1/2+e H • VG A )|| L , < M £ ||^a • VG A || i3/2 < M e ||F A || L6 ||VG A || i2 

< ^\\VF x \\ L s\\G x \\ L 2 < ||A e G A || L2 ||VF|| ff i. 

Therefore 

(10-18) IKWi'L* < ||VF|| H i||A e G|U 2 . 

Next we consider the term /i~ 1 / 2+e [P ll , F]VG<,,. By using (llO.lip and setting 
Fh, T {x) = F(x — rh), we obtain 

\\[P^F]VG<^\\ L 2 < [iT 1 sup \\VF h . T ■ VG<J L 2. 

By using the orthogonality of the LP projections, we can write VFh jT ■ VG< M — 
bp, + c^, where 

6 /J = ^P A ((V^, r ) A -VG< M ) and c, = ^ Fj(V^ T ■ VG<,). 

A>/^ A</i 

We first have from the Holder inequality, the finite band property and the Bernstein 
inequality that 

\\b M \\» £ E IKV^.^aIIlHIVG^IUoo < a-^'^iivf^UhxIIGvII^ 

\>fi A>/i,A / </x 

< ||VF|| H1 E /^A'^IIGvlU* 

A'</i 

Therefore 

(10-19) ||M- 3/2+ %ll^^<l|VF|| ffl ||G||^. 

Next we consider c„. By using the orthogonality of the LP projections we can 
write 

c M = E E p A ((VF h >t )a • VG V + (VF h , r )v • VG A ) 

A<p A'<A 

+ E E p a((VF /1!T )v-VGv). 

By using the Bernstein inequality and the finite band property, we obtain 
I! c mIU 2 <EE (A" 1 ||(VF h , r )A||ifi||VGv||L~ +A /| ||V(VF ft , T )A'IUjl|VG A || i3 ) 

A<pA'<A 

+ E E A||(VF fc , r )A'IUH|VGv|U3 

A<^t A<A'<^i 

<||VF|| H1 £ ^ (A-^ + A'hjHGvlli- 

A</x A' <A</i 

+ ||VF|| ffl ^ ^ AA'^HGvlU* 

<iivfi| h1 - [EE a/1/2a ii^'IUH- 

\A<^A'<p / 
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Therefore 

(10-20) H/i-^+^ll^^llVFIlHxIIGIlH.. 

Combining (I10.19|) and (|10.20|) yields 

W^+^F^G^y^ < \\VF\\ m \\G\\ H < 

which together with (|10. 18[) gives the desired estimate. □ 

Lemma 10.9. For < e < 1 there holds 
(10.21) 

\\^[P^F]G\\ llL , + \\^V[P^F]G\\ llL , < ||V 2 F|| H , +£ ||G|| L2 + \\VF\\ L ~ \\G\\ H . 
(10.22) 

\\^[P^F]G\\ llL , < (\\V 2 F\\ Hi + ||VF|| £ -)||G|| ff . 
Proof. We first write /j, 1+e [P fl , F]G — + fo M + c M , where 
a, = ^ 1+£ [P M ,F]G >M , ^ = M 1+ ^[P M ,F< A ]G A , c^^Y,\ p ^ F >AG 



A- 



A<^i 



By Corollary 1 10.5[ we obtain 



< 



||VF|| L ^||A e G|| L 2. 



In order to estimate and c M , we introduce the function M^{x) = J e lx n%fj,(£)d£ 
with m,n(0 = ^ / (/ i_1 ^)- It is easy to see that J" |x| ? |Afu(a;)|da; < for any g > —3. 
It follows from (|10.10j) that 

[P M , F< x ]Gx(x) = A^ x (x) + B^ x (x), 

where 

A^x(x) = d j F< x (x) J M fl (x-y)(x- y yGx(y)dy, 

B^x(x) = J M^x - y)(x - y y J [9jF < A (a; - t(x - y)) ~ djF< x {x)] dTGx(y)dy. 

For the term A^xix), it is nonzero only if /z and A are at the same magnitude since 
both and Gx are frequency localized at the level /i and A respectively. Thus 

Ell^ll^^M-'llVF^IU-IIG^IU^/x-^IGJUHlVFll^. 

For the term B^x we write 

B M ,\(x) = J M^x - y)(x - y y(x - y) 1 

1 r l 



-Tdid-)F<x (x - tt'(x - y)) drdr' Gx(y)dy. 
Thus, by the Minkowski inequality we obtain 

II^.Alb </i- 2 ||V 2 F< A || L ~||G A || i2 < M " 2 ]T A'UVFvIMIGaIU* 



A'<A 



</i- 2 A[[G A |U 2 ||VF|b 
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We therefore obtain 



\\bjL*<^GJ L 4VF\\ L ~ + ||A e G A |M|VF||^ 
which implies that 

ll^lb=^<||VF||^||G|| He . 
In order to estimate the term c^, we write 
[P„,F >x ]G x (x) 

= [ M^x-y){x-yy [ {d J F >x (x~T(x~y))-d 3 F >x (x)}dTG x (y)dy 



+ d j F >x (x) j M fi (x-y)(x- y yG x (y)dy. 
By using the similar argument as above, we can obtain 
^2\\[P m ,F >x ]G x \\l» 

< ^ I|v 2 f >a |m|g a || l ~ + h-^g^wvfu- 

<EE /^ 2 A 3/2 ||V 2 F A ,|| L2 ||G A || i2 +/i- 1 ||G Al || L2 ||VF||^. 

Therefore 

/W 1 ' 6 / X \ 1/2+e 

A<^ A'>A ^ ' 

+ M £ ||G A1 || L2 ||VF|| L o C 

which implies that ||c M || Z 2 i2 < \\VF\\ L a,\\G\\ H , + \\V 2 F\\ H1/2 + e \\G\\ L 2. This together 
with the estimates on and 6 M gives the first inequality of (|10.2ip . Note that c M 
can also be estimated as 

+ /x e ||G M M|VF|| L » 

which implies Hcjjja^a < (||VF||l°o + || V 2 F\\ H i ) || A e G|| L 2 . This together with the 
estimates for a p and 6 M gives (|10.22[) . 

Next we prove the second part of (|10.21l) . By using (|10.12[) we can write 
At e V[P M , F]G = I ll + J^ where 

I„ := // VP M (F A • G A ) and J M := M e V[P M , F]G< M . 

A>^j 

We first have from the finite band property of the LP projections that 

< E ii^ • G >i^ £ ii^iu- E (x) 1+e ^ G ^- 

A>^i A>/i 

This gives 

IM^<HVF|U~||A £ G|| i2 . 
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In order to estimate J^, we write 

JM - M e J V x (M^x - y)(^(x) - F(y))) G< M (»)di/ 

= /i s VF(i) J M^x - y)G< fl (y)dy 

+ VM M (x - y)(F(x) - F(y))G<^y)dy. 

By writing F(x) — F(y) = (x — y)- 7 J* djF(x — t(x — y))dr, we can decompose J M 
as J p = + j/i 2) + J^ 3) , where 

J« = //VF^) | M M (x - y)G< ll {y)dy, 

jf = ii e djF(x) J VM„(x - y)(x - y) j G<„(y)dy, 

4 3) = f J ^ M ^ x - V)( x - VY f Q \ d i F ( x - T ( x - V)) - d o F ( x )} dTG<»(y)dy. 

By using J \x\\VM /1 (x)\dx < 1 and the frequency localization of M p and G\ we 
can obtain 

which gives 

II^II^ + II^II^^IIVFIUocIIA^II^. 

(3) 

For the term Jjx \ we can write 

jf{x) = ^ J2 [ ^ M ^ x -y)( x ~ yy 

x / [d 3 F< x (x - t(x - y)) - djF< x (x)] drG\(y)dy 



+ ^E/ VM„(x-y)(x-yy 



x f [d 3 F >x (x - t(x - y)) - d J F >x (x)}drG x (y)dy. 
Jo 

Now we can use the similar arguments in the proof of the first part of this lemma 
to obtain 

n4 3) iU 2 ^ m~ 1+£ X! iiv 2 -f<a||l<»iiga||l2 +n~ l+e \\v 2f >\\\l*\\gx\\ L oo 

X<fi A</j. 
1-e 



< iivfiu- ) \\ x ^ 



L' 2 
1/2+e 



By taking the ^-norm we obtain 

\\4 3 %l* £ ||V 2 F|| ffl/2+£ ||G|| L2 + \\VF\\ L ~\\G\\ HC . 
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This together with the estimates on and gives 

PAi^ < \\VF\\ L ~\\G\\ H . + ||V 2 ^|| H1/ 2 +£ ||G|| i2 . 

Combining this with the estimate on 7 M completes the proof of the second part of 
GH23). □ 

Proposition 10.10. For < e < 1/2 there holds 

(10.23) \\^V[P M F]G\\ llL , < \\VF\\ L ~\\G\\ Hl+e + || V 2 F|| ffi+£ . 

Proof. As can be seen from the proof of the second part of (|10.2ip , it suffices to 
estimate the term 

a, := ^ = ^ J VM^x -y)(x- V y (x - y) 1 
l P i 



-Tdj t F(x - tt'{x - y))dTdT , G< ll (y)dy 



'o Jo 

which can be written as a u = a« + a}? + aL 3 \ where 



W = J VM^x -y)(x- y y(x - y) 1 

x / / -Td? l F> fJ ,(x-TT / (x-y))dTdT / G< IJ ,(y)dy 

JQ JO 

a« = M 1+e c) 2 F <M (x) | VM^x - y)(z - ^(z - y) l G<^y)dy 
4 3) = M 1+e / - - - y) 1 



-T- [dlF<„{x - tt'{x - y)) - d*F <fl (x)] drdr'G^dy. 

'0 ^0 

By using the properties of the LP projections, it is easy to derive that 

Ho^lU" < M £ E HV 2 F A || L2 ||G< M ||^ < £ (f ) ^ l|A 1/2+e V 2 F A |UH|VG|U 2 , 

A>/j. \>fi 

ll«i 3) IU 2 ^^ 1+£ HV 3 F <ai || l2 ||G<J|l~ < E - l|A 1/2+£ V 2 F A || i2 l|VG]U 2 . 
Therefore, by taking the / 2 -norm, we obtain 

ll^ll^ + h^hv < \\V 2 F\\ m/2+e \\G\\ H i, || a ( 2 )|| ;iiL2 < \\VF\\ L ~\\G\\ H1+ c. 

The proof is thus complete. □ 
Lemma 10.11. For < e < 1 there holds 

\\^[P^F]G\\ llL , < \\F\\ L ~\\G\\ Ht + \\VF\\ H r /2+ 4G\\ L2 . 
Proof. First we have 

m £ E ■ G ^)n^ £ ^ E ii^iil~iig a || l2 < iifiu. e (f) e ii^ii^ 



X>f2 A>/j A>/j 



which implies that 

^P^Fx-Gx) <\\F\\ L ao\\G\\ H . 
Next we consider the term 



[P»,F]G<» = J M,(x - y)[F{x) - F(y)}G<,(y)dy 
which can be decomposed as follows 

[P„F}G<^x) = W M^(x - y) (F< x (x) - F< x (y)) G x (y)dy 

+ E I - V) ( F >^ x ) - F >x(v)) Gx(y)dy. 



We can estimate as before to obtain 



f i t \\[P fl ,F]G<4 L 2 

< E \\VF<x\\loo\\G x \\ l > E l!VF >A || L2 ||G A || L = 



\<fx A</^ 
1-e 



A< M 

+ E E Q)" e (^) 1/2+£ ||A' 1/2+£ v^iu 2 ||G,n i2 . 



A</i A'>A 

Taking the ^-norm gives 

mP»,F]G<J llL2 < \\F\\ L -\\G\\ H * + l|VF|| H1/2+e ||G|| L2 . 
The proof is therefore complete. 

Lemma 10.12. For any e > and any scalar functions F and G, there holds 

(10.24) \\» e P»(VF ■ G)\\i2 L 2 < \\VF\\ Hi+c \\G\\ m + \\F\\ L ~ \\G\\ m+ ,. 
Proof. By the trichotomy law, we can write 

P li {VF-G) = a ll + bn + Cp 

= P^ ((VF) M • G< p ) + E p » (^A • Gx) + P» (VF< M • G M ) . 

A>^i 

For the terms and c M , it is easy to derive that 

II/^Mjjl' £ ll^llL-IIGH^+e, ||m%II^ < \\F\\ L ~\\G\\ m+ <. 
For the term a^, we can write 

(10.25) a M = \P„, G< M ]VF M + G<^(VF) M . 

By the Bernstein inequality for LP projections, it is easy to obtain 

||M e G<^(ViOJ L2 <M e ||G< M |Ue||P M (VF) M || L 3 < ||G|| L6 || M 5+ e (VF)J| L2 , 
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while by using Corollary 110.51 we have 

3 

(-) 2 l|VG A || i2 |lM' +e (VF),|| i2 . 

Therefore 

llM e a M ||^ s <||VF|| ff i +e ||G|| H i. 
The combination of the estimates for a M , 6 M and c M gives (|10.24[) . □ 

By using Lemma riO.lll and (|10.24[) . we can derive the following product estimate. 
Lemma 10.13. For < e < 1 there holds 

(10.26) \\A*V(F ■ G)\\l* < ||VF|| H i +e ||G|| ffl + \\F\\ L - \\G\\ H i + . 

Proof. Observe that 

||A e V(F • G)\\ L 2 < \\^P^VF ■ G)\\ L 2 L2 + \\ f fP,(F ■ VG)||^ 2 . 

From Lemma 110.111 it follows that 

H/ZP^F-VG)!^ < ||M £ [i^,F]VG||^ i2 + ||F|| iS o|| M £ P M VG|| i2z , 2 

<\\F\\ L ~\\VG\\ H * + \\VF\\ Hi+e \\VG\\ L ,. 

This together with (|10.24|) then completes the proof. □ 

Lemma 10.14. Let < e < 1/2 and p > 3 be sufficiently close to 3. Then for any 
fi > 1 and any scalar functions F and G, there hold 



(10.27) +fi -i-'\\G\\ L „Y,(-) HA e V 2 F A || i2 
and 

m,F}G\\ L ~ < M ^- e iivFiu» (x) 2+£ H^aII^ 

+ H-i-c\\VF\\ L ~Y,(-Y V e VG A || L2 

(10.28) + M -i-^||G|| ifl ^(^) l+e ||AH^F A || L2 . 

where C > is a constant depending only on e and p. 

Proof. In view of (|10.12p . we can write [P M F]G = a M + 6 M + c M , where 

<V = ]Tp m (FaG a ), & M = ^[P M ,F A ]G< M , c M = 5^[P |t ,i?' A ]G< M . 

A>/j. A>/i A</^ 
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It is easy to derive that 

IMU- < M"^ E (l) 2+£ l|A £ V 2 ^|U,||G A || L ^. 

A>p 

By using Corollary 110.51 and the Bernstein inequality, we also have 

IMU- < 2 ^ll^lk- < ur*-*\\G\\ L ~ E (~) 2 ' II a£ v 2 f a || l2 . 

A<p A</i ^' ' 

Since p > 3, we have the Sobolev embedding 

£ l|V&„|U» + IIM^- 
From (|10.16p and the properties of LP projections it follows that 

IIV&Jz* < ||Gf|| z - E H^IIl, < E A-f+^||V 2 ^|| i2 

A>/j A>/j 

^ 1 • , / II \ — 

< 



A>p 

The term ||& M || can be estimated similarly but much easier. We therefore complete 
the proof of (jTfl27)) . 

Similarly, in order to obtain (|10.28[) . we can use the properties of LP projections 
and Corollary 110.51 to derive that 

< m^- £ I|vf|| l ~ E (x) 2+£ H^^IU", 



Ml- < ^ E HVF<JU~||Gx|U» < ^^ e ||VF|| L » E 2 6 HA e VG A |U 2 . 

A<M A<^i 

HV^IIw < E E HGaIMIV^Hl, < E E ^l|VG,|| i2 A-f- £ ||A3+ e V 2 ^|| L2 

X<ttl>H KjiA>(i 



^ii^EE(^ 5 (i) f+e n^v 2 F A |u 2 . 



A*/ ^ A 



Hence the proof of (|10.28[) is completed. □ 
10.3. _ff e elliptic estimates. 

Lemma 10.15. For < e < 1/2 and any H-tangent tensor field F there hold 
(10-29) ||V 2 F|| Ae < ||AF|| Ae + ||^|| ffl , 

(10-30) l|VF|| ffl/2+e < ||A e -VaAF|| £a + 

Proof. Consider (I10.29[) first. We will use err^ to denote any error term satisfying 

Ilerrj^^-IFH^. 
Using Corollary 110.51 we can obtain 



(10.31) P^J Z F = V 2 P M F + err 
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Recall from Lemma \2. 2 1 that 

(10.32) ||V 2 P^|| i2 < \\AP^F\\ L , + ||VP M F|| L2 + \\P^F\\ L2 
Recall also that A = g^ViWj, we have 

(10.33) AP M F = P^AF + [P^g^didjF ~ f^d k F) + err M . 
By Lemma 110.81 and 110.111 we have 

(10.34) WfflP^g^d^FW^ < \\dg\\ H 4A e+1 / 2 dF\\ L 2, 

(10.35) \\^[P^g^]{f%d k F)\\ llL . < \\dg\\ Hi+c \\dF\\ L2 . 



By the Sobolev inequality and (|10.33|) . we obtain AP^F = P^AF + err u . This 
together with (|10.31j) and (|10.32[) gives <|10.29|) . 

To prove (|10.30j) . we first use the equivalence between g and g and the integration 
by parts to obtain 

(10.36) II^VFHJ, « / gVp^diFPpdjFdUg = f P^FAP^Fd^. 

In view of (|10.17|) and (|10.35|) . we can obtain 

5> 1+2e f P.FlP^g^d^Fd^ 

A 1 

< \\VF\\ H1/2+ 4Vg\\ H r\\A*dF\\ L2 , 

and in view of f|10. 15[) 



E/ /+2e / P,F-[P„gf]dF 



< 



\\^P,F\\ llL 4V(g-t)\\ L e\\dF\\ He 



<\\F\\ Hi+€ \\dF\\ H 4g\\ H ,. 



In view of (|10.33[) and (|10.36|) . we have with p = e/(l/2 + e) that 

$> 1+2£ ||PpVF|| 2 2 < (|| F|| ffi+e + ||aF|| ffl/2+e )l|5P||^ 1/2+£ ||9P|li7 p ||g||^ 



'HI 1 



+ ^|| Ai 3 / 2+e P AI F|| L2 ||/i- 1 / 2+£ P M AP|| i2 . 

M 

By the fact ||<7||h 2 < 1 and the Young's inequality, we obtain (I10.30|) . 
To prove (|10.30|) for the vector field case, we note that 

P^V t F m = P M Vi(P m ) + [Pp,i]F + f • P M P. 

Using Corollary 110.51 then there holds P^ViP™ = P M Vi(P m ) +err M , hence we can 
obtain 

||VP m || ffl/2+e <\\V(F m )\\ H1/ ^ + \\F\\ Hl . 
Now we can use (|10.30[) for the scalar function case to derive 

(10.37) ||VP m || Hl/2+ « < \\A^ 1/2 A(F m )\\ L2 + ||F|| ffl . 

In view of (|10.33|) , we can obtain 

||A e-i/2 ( A Fm)||L2 < HA^V^APni^ + ||VP|| L2 . 



!)3 



combining this with (|10.37|) completes the proof. □ 
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